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Previous studies on the outer hair cell (OHC) dynamics mainly focused on the 
axisymmetric vibration mode, and very little is known about the asymmetric vibration 
modes.  In this thesis, a mathematical model of the OHC for different vibration modes 
is developed, including the coupling of the cell lateral wall with the intra- and 
extracellular fluids. The lateral wall is modeled as a cylindrical composite shell. For 
the fluids, two fluids models, inviscid and viscous flows, are used. Using the OHC 
model, the OHC electromechanical properties are determined by fitting available 
experimental measurements. These properties are found to be dependent on the OHC 
length.  
 
With the fluids modeled as an inviscid flow, the frequency responses for different 
vibration modes, together with the correlation of the OHC resonant frequencies with 
the cochlear best frequencies, are obtained using two different numerical methods. One 
method is an “all finite difference method (FDM)” where both shell and fluids 
equations are discretized by FDM. The other method is a “coupled boundary 
element/finite difference method (BEM/FDM)” where shell equation is discretized by 
FDM while fluid equation is discretized by BEM. The modeling results show that, at 
the basal turn of the cochlea, the OHC resonant frequency for the axisymmetric mode 
is close to the cochlear best frequency. At the apical turn, the resonant frequencies for 
the beam-bending mode and the pinched mode are closer to the cochlear best 
frequency. This important finding shows the correlation of OHC resonant frequencies 




The inviscid flow model is also extended to a viscous flow model by including the 
fluid viscosity in the model. The numerical method is also an extension of the previous 
coupled BEM/FDM. Using BEM and taking advantage of the axisymmetric geometry, 
the present method is able to represent a three-dimensional oscillating viscous fluid 
problem with a one-dimensional domain. The results obtained show that, with the 
inclusion of viscosity, the frequency response is heavily damped, and the resonant 
frequency cannot be observed. Using a simple kinematic model of the organ of Corti, 
the contributions of the first two vibration modes to the streocilium deflection are 
analyzed. Besides the axisymmetric mode, the beam-bending mode may contribute to 
streocilium deflection over the hearing range. This contribution is comparable to that 
of the axisymmetric mode at the apical turn of the cochlea, but it becomes insignificant 
at the basal turn. The result is new to the literature on models of the organ of Corti, and 
it contributes to our knowledge of the dynamics in the cochlea.   
 
Finally, a feedback model of the cochlear partition is developed to obtain the OHC 
activity in the cochlea. Through comparison of the responses in the passive and active 
cochlear models, the OHC at the basal turn appears to contribute its active force to 
enhance the basilar membrane response, providing a positive feedback in the cochlea, 
while the OHC at the apical turn tends to contribute its active force to suppress the 
basilar membrane response, providing a negative feedback in the cochlea. Also, the 
amplification factor in the active cochlear model is found to be sensitive to the 
amplitude and phase angle of transfer function FT  in the OHC forward transduction 
process. These findings are important to our understanding of OHC active roles played 
in the cochlea. 
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Mammalian ears perceive sound by converting airborne pressure fluctuations into 
electrical neural signals which are interpreted by brains. After sound reaches the outer 
ear, it is transmitted through the middle ear toward the inner ear. The cochlea, an 
elaborately evolved organ in the inner ear, is responsible for analyzing sound in terms 
of its intensity, temporal characteristics and frequency spectrum. These complicated 
functions are intimately related to the inner hair cell and outer hair cell, two kinds of 
mechanosensory cells in the cochlea (Hudspeth, 1985). The inner hair cell acts as a 
signal sensor, while the outer hair cell is believed to mainly act as an active force 





Over generations of optimization, mammalian hearing achieves remarkable sensitivity 
and frequency selectivity over a broad frequency range from 20 Hz  to 20 kHz  in 
humans, and above 200 kHz  in echo locating bats. In humans, the ear is also capable of 
detecting sound with air pressure fluctuations down to 20 Paμ  and up to a million fold 
of that threshold value. Measurements in mammalian ears show highly tuning 
frequency responses both in the auditory nerves (Evans and Wilson, 1975; Tasaki, 
1954) and in the cochlea (Khanna and Leonard, 1982; Narayan, et al., 1998; Sellick et 
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al., 1982). This frequency tuning, however, is labile, because it could be changed by 
factors like draining of cochlear fluids (Robertson, 1974) and exposure to loud sound 
(Cody and Johnstone, 1980). Contrary to traditional ideas of being linear and passive 
for cochlear mechanics, measurements further show nonlinear vibrations in the cochlea 
(Rhode, 1971) and spontaneous otoacoustic emissions from the cochlea (Kemp, 1978; 
1979).  
 
To possess features like acute sensitivity, fine frequency selectivity, nonlinearity and 
spontaneous otoacoustic emissions, the mammalian cochlea is believed to possess 
nonlinear and active processes. Gold (1948) first assumed the cochlea as an active one, 
where an electromechanical process took place to overcome viscous forces from 
cochlear fluids. Evans (1972) suggested that a “second filter” existed in the cochlea, 
sharpening broad mechanical responses to match their highly tuning neural 
counterparts. Davis (1983) first used the now well-known term “cochlear amplifier” to 
describe the active process in the cochlea.  Many studies later focused on the question 
what are the cellular sources of this cochlear amplifier. 
 
The outer hair cell (OHC) is an obvious candidate. Ryan and Dallos (1975) and Dallos 
and Harris (1978) reported that the OHC is necessary for the normal functioning of the 
cochlea by demonstrating the elevated threshold when the cell is selectively destroyed. 
Mountain (1980) and Siegel and Kim (1982) showed that electrically stimulated 
efferent neurons that innervate the OHC alter the cochlear mechanics. Their results 
provided the first direct evidence showing the mechanical action of the OHC in the 
cochlea. Brownell et al. (1985) brought a major leap to our understanding of the OHC 
with the demonstration of electrically induced length changes of the OHC, termed 
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OHC electromotility. Unlike the active somatic changes in muscle cells which only 
contract at a relatively low frequency, the OHC electromotility is unique in that it is 
bidirectional and effective at high frequencies up to 20 kHz ( Ashmore, 1987; Dallos 
and Evans, 1995; Kachar et al., 1986). Therefore the source of the active process 
underlying the cochlear amplifier is narrowed to the OHC (Dallos, 1992).  
 
With improved techniques, the OHC electromotility has been explained on the 
molecular level recently. Zheng et al. (2000) transferred a well-chosen protein in the 
OHC into cultured kidney cells and found that these kidney cells also show the same 
electromotility as the OHC does. They termed this protein prestin and proposed that 
prestin is the motor protein responsible for the OHC electromotility. Liberman et al. 
(2002) further showed the disappearance of the electromotility in prestin knockout 
OHC. The importance of prestin is underscored by the reduced frequency selectivity in 
prestin knockout mice (Cheatham, et al., 2004). Another alternative mechanism 
underlying the cochlear amplifier is thought to originate from the active motion of the 
stereocilia which are rooted at the top of the OHC (Fettiplace et al., 2001; Knnedy et al. 
2005). This active motion would amplify the input to the inner hair cell (IHC) through 
increasing the shearing motion of the fluids surrounding the stereocilia of the IHC. The 
active stereocilium motion, however, is found to be closely related to the OHC 
electromotilty (Jia and He, 2005). Thus the OHC electromotility, possibly in 
conjunction with the active stereocilium motion, plays a critical role in the cochlea 
amplification (Dallos et al., 2006; Jia, et al., 2006). Currently, the OHC is 
consentaneously thought to provide a frequency-dependent action for the cochlea and 
enhance the mechanical input to the IHC, consequently improving the hearing 
sensitivity and frequency selectivity of the cochlea.  
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The last 30 years have brought significant advances to our understanding of 
mammalian hearing, especially viewed from a physiological perspective, in which the 
cochlear frequency selectivity and OHC electromotility are of great importance. 
However, some pending gaps in our knowledge of mammalian hearing remain unfilled. 
The genetic causes of deafness are just beginning to be identified. Cochlear micro-
mechanics, a term defining the relative motions between the elements in the cochlea, is 
poorly understood. The detailed mechanism by which the electromotile OHC enhances 
the cochlear sensitivity and frequency selectivity is still not resolved. Further studies 
are necessary to explore the molecular and cellular basis of mammalian hearing. 
 
1.2 Objective and Significance 
The purpose of this thesis is to further our understanding about the OHC 
electromotility. The specific focus is to build an improved mathematical model of the 
OHC, including cell axisymmetric and asymmetric vibration modes and the coupling 
between the cell lateral membrane and intra- and extracellular fluids. Model 
parameters are determined using phenomenological responses of the OHC obtained in 
experiments, and the OHC electromotility is simulated over the hearing range. This 
helps to determine whether the OHC would generate enough active forces to enhance 
cochlear frequency selectivity at high frequency. 
 
The importance of understanding of the OHC electromotility should be advocated. 
Firstly, a better understanding of the OHC electromotility would be of clinical values. 
Hearing loss or serious impairment in patients is mainly caused by the malfunction or 
degeneration of the vulnerable OHC. This malfunction or degeneration can be induced 
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by factors like over-stimulation, ototoxic drugs, infections and aging. Knowledge of 
OHC electromotility would benefit the detection and possible remedy of hearing loss 
or impairment. An existing application is to use the otoacoustic emissions, which are 
thought to be induced by the OHC electromotility, to diagnose the inner ear problems.  
 
Secondly, engineers are developing artificial devices to replicate the function of 
biological systems with an ambitious desire. The mammalian cochlea, an ingeniously 
evolved signal amplifier and analyzer, is a perfect prototype for such conceptually 
artificial devices. So is the outer hair cell, an excellent actuator with a preferable 
sensitivity much better than those of widely used piezoelectric crystals (Steele, et al., 
2003). Substantial strides have been made. Electronic cochlea, a device directly 
stimulating auditory nerves, is being widely used to restore the hearing loss in patients 
whose sensory cells are impaired whereas auditory nerves are intact. 
 
1.3 Present Work 
This thesis presents the development of a mathematical model of the outer hair cell to 
investigate cell electromotile dynamics for different vibration modes. The isolated 
OHC (in vitro) is modeled as a fluid-structure interaction system, including a two-
layered piezoelectric cylindrical shell as well as the intracellular and extracellular 
fluids. OHC dynamics is studied using a “reverse solution” plus “resynthesis” scheme 
(de Boer, 2006). In “reverse solution” process, available experimental measurements 
are first used to determine the electromechanical properties of the OHC. Those 
experimentally based properties provide necessary parameters for the model and make 
the studies of OHC dynamics in the “resynthesis” process possible. The intra- and 
extracellular fluids may be modeled as inviscid or viscous flows. With a inviscid flow, 
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the mass effects of the fluids on OHC dynamics are investigated. OHC resonant 
frequencies for different vibration modes are obtained and the possible correlation of 
OHC resonant frequencies with cochlear best frequencies is found. The inviscid flow is 
then extended to a viscous flow and both the mass and damping effects of the fluids on 
OHC dynamics are studied. The dynamics of the in vitro OHC is first obtained, 
providing a prerequisite for a better understanding of the dynamics of the in vivo OHC 
embedded in the cochlea. By including the stiff constraint of the reticular lamina on the 
OHC, the relationship between the OHC stereocilium deflection and its first two 
vibration modes is discussed. The OHC is finally integrated into a simple model of the 
cochlear partition and the OHC active roles played in the cochlea are studied. 
 
The OHC model in this thesis predicts the dynamics of the OHC from guinea pig since 
a comprehensive amount of the anatomical and physiological measurements for the 
guinea pig OHC is available in the literatures. The OHC model, however, can be used 
to model other mammalian OHCs (including human, cat, chinchilla and gerbil). 
 
The original contributions in the present work lie in four aspects. Firstly, a 
mathematical model of the OHC is developed to study its dynamics for both the 
axisymmetric and asymmetric vibration modes. Previous studies mainly focused on the 
axisymmetric vibration mode of the OHC. Nevertheless, the in vivo OHC may 
undergo asymmetric vibration modes, due to the non-symmetrical environment 
imposed by its surrounding cellular structures in the cochlea. Thus, the asymmetric 
modes would be also critical for the OHC dynamics.  
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Secondly, the resonant frequencies of the OHC with different cell lengths are 
determined for different vibration modes, and their correlations with cochlear best 
frequencies are studied. Most of the previous focused on modeling the behavior of an 
OHC with a certain length, and the influence of the cell length on the 
electromechanical properties and behavior of the OHC has not been thoroughly 
investigated. Experimental studies have shown that the OHC length decreases from the 
low-frequency region of the cochlea to the high-frequency region, as well as its 
phenomenological axial compliance. These warrant a detailed study on the influence of 
the OHC length on its resonant frequencies. 
 
Thirdly, a coupled boundary element/finite difference method (BEM/FDM) is 
developed to solve the coupling of the solid shell with the oscillating viscous flow in 
an axisymmetric domain with arbitrary asymmetric boundary conditions. Previous 
studies mainly used analytical methods based on Fourier series expansion to solve 
OHC dynamics. However, analytical methods previously used are not always effective 
or otherwise much formidable in handling OHC models in which complicated 
boundary conditions and partial differential equations are often involved. The present 
method is able to represent a three-dimensional viscous fluid problem with a one-
dimensional computational domain, and generate the results with good accuracy while 
with better computational efficiency. 
 
Finally, the influence of the OHC first two vibration modes on the stereocilium 
deflection is investigated in the reverse transduction of the organ of Corti. For the first 
time, it is found that the OHC bending may also result in stereocilium deflection 
comparable to that due to the OHC axisymmetric length change. Asymmetric vibration 
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modes are usually assumed to be unlikely to occur in the in vivo OHC, due to the 
constraint of the stiff reticular lamina encompassing the OHC cuticular plate at the top. 
The present finding suggests that the in vivo OHC may result in local bending of the 
reticular lamina by tilting its cuticular plate, producing a dissimilar motion to that in 
the forward transduction of the organ of Corti.  
 
1.4 Organization of Thesis 
This thesis is divided into three main parts. The first part (Chapter 3) focuses on 
developing the OHC mathematical model and determining parameters in the model. 
The second part includes Chapter 4 and Chapter 5, while investigates the OHC 
electromotile dynamics. The third part (Chapter 6) is concerned with the OHC active 
force and its activity in the cochlea.  
 
The thesis is organized as follows. Chapter 2 presents a brief review of the ear 
anatomy and functioning of the related components in the ear, with the emphasis on 
the cochlear mechanics and OHC electromotility. Chapter 3 describes the development 
of the OHC mathematical model using linear composite shell theory, including the 
coupling between the cell lateral wall and the intra- and extracellular fluids. This 
chapter also presents the determination of length-dependent electromechanical 
properties of the OHC lateral wall, together with the comparison of obtained properties 
with modeling results in literatures and experimental measurements from the OHC. 
Chapter 4 presents the frequency responses of the in vitro OHC for different vibration 
modes, with the fluids modeled as an inviscid flow. The fluids are discretized by two 
different methods: finite difference method (FDM) and boundary element method 
(BEM), while the cell lateral wall is discretized by FDM. Simulation results are given 
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and compared. Chapter 5 extends the work in Chapter 4 by including the viscosity of 
the fluids in the model. The viscous fluids and lateral wall are discretized by BEM and 
FDM, respectively. The results showing the effects of including fluid viscosity are 
presented and compared with those in literatures. In this chapter, the results showing 
the contribution of the OHC beam-bending mode to the stereocilium deflection are 
also given. Chapter 6 focuses on the OHC active force applied on the cochlear partition 
and its activity in the cochlea, using a simple model of the cochlear partition. Finally, a 
conclusion of the research work is given in Chapter 7. Some suggestions for future 
work are also presented in this chapter. 




Anatomy and Physiology of Ear 
 
A brief review of the anatomy and physiology of the mammalian ear is presented in 
this chapter. The focus is on the functioning and mechanics of the cochlea, as well as 
the electromotility of the outer hair cell in particular.  
 
 
Figure 2.1 Cross section of the human ear (Adapted from Matthews, 2001). 
 
 
2.1 Anatomy of the Ear 
The mammalian ear is basically divided into three distinct regions according to their 
functions and locations in the auditory system. Figure 2.1 shows the cross section of 
the human ear, indicating the regions of the external ear, middle ear and inner ear. The 
external ear consists of a visible pinna and a canal leading to the tympanic membrane 
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(also known as eardrum). Besides providing protection for the tympanic membrane 
against foreign bodies and severe environmental changes, the external ear chiefly 
provides a canal for the impinging airborne sound waves and directs the waves towards 
the tympanic membrane.  
 
The middle ear is an air-filled cavity in the temporal bone, consisting of the tympanic 
membrane and three ossicles (tiny bones). The three ossicles consist of the outermost 
malleus, the intermediate incus and the innermost stapes, forming a lever system with 
the aid of ligaments and muscles in the middle ear. The eardrum transmits vibration to 
a membrane (oval window membrane) of the inner ear, via the malleus, along through 
the incus to the stapes. The middle ear also compensates the impedance mismatch 
between the sound waves in the external ear and the fluid waves in the inner ear. This 
impedance mismatch, mainly resulting from the density difference between the fluid 
and air, means that a higher pressure is required for a stimulus to be propagated in the 
fluid than in the air. The lever ratio of the ossicles, in conjunction with the area ratio of 
the tympanic membrane to the oval window, achieves the compensation for such 
impedance mismatch.  
 
The inner ear is a coiled cavity with conical shape, located in the temporal bone. The 
inner ear is divided into three parts: the semicircular canals, vestibule and cochlea. The 
semicircular canals and vestibule, together known as vestibular system, are sensory 
organs responsible for balance. The cochlea, a long fluid-filled spiral chamber 
resembling the snail shell, is the main sensory organ where all audio signal processing 
is done in the inner ear. The detailed physiology of the cochlea will be presented in the 
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next section. A comprehensive overview of the structure and function of the cochlea is 
given in the book “The Cochlea” by Dallos, Popper and Fay (1996). 
 
2.2 Physiology of the Cochlea 
The cochlear chamber houses three different fluid ducts along the spiral length of the 
cochlea, namely the scala vestibuli, scala tympani and scala media. These fluid ducts 
are separated by two partitions: the Reissner’s membrane and cochlear partition. The 
cochlear partition consists of the osseous spiral lamina, spiral ligament, basilar 
membrane and the organ of Corti. For clarity, Figure 2.2 shows a schematic drawing of 
the cochlea with the fluid-filled chamber uncoiled to depict the essential elements. A 
detailed drawing of the cross section of one cochlear turn is given in Figure 2.3.  
 
 





Chapter 2:                                                                                             Anatomy and Physiology of the Ear 
 13
 




The cochlear wall resembles a tapered tube, which is coiled with increasing curvature 
and decreasing diameter along its length from the base along to the apex. The basal 
end of the scala vestibuli is closed by the oval window which is attached to the stapes, 
whereas the basal end of the scala tympani is closed by the round window to 
compensate the chamber volume change induced by the piston-like motion of the 
stapes. At the apex, the scala vestibuli connects with the scala tympani via a small 
opening called the helicotrema. The scala media, sandwiched between the upper scala 
vestibuli and lower scala tympani, is a self-contained passage that terminates just 
before the helicotrema. 
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The Reissner’s membrane, being soft and with no apparent mechanical functions, 
separates the scala vestibuli from the scala media and extends along the length of the 
cochlea to the apex, where it joins the basilar membrane at the helicotrema. It mainly 
provides the electrical and chemical isolation between the endolymph fluid in the scala 
media and the perilymph fluid in the scala vestibuli. The endolymph has a polarized 
potential of about +80 mV  and a high concentration of potassium ions similar to the 
intracellular fluid, while the perilymph has a polarized potential of about 0 mV  and a 
high concentration of sodium ions. The stria vascularis, a dense tissue of capillaries 
and specialized cells, provides the basic metabolic control of the endolymphatic 
potential and ion concentrations.  
 
The cochlear partition, separating the scala tympani from the scala media, contains the 
key elements to transform the mechanical vibrations in the cochlear fluid into the 
neural signals in the cochlear nerve fibers. In the cochlear partition, the basilar 
membrane is the main vibrating structure, supported by the osseous spiral lamina 
projecting from the central modiolus and spiral ligament at the outer edge. The 
membrane is wedge-shaped along the length of the cochlea, becoming thinner and 
wider from base to apex. This feature enables the distinct tuning behavior of the 
cochlea under the hydromechanical stimulation. Above the basilar membrane lies the 
organ of Corti, the receptor organ that generates the electrical nerve spikes in response 
to the vibration of the basilar membrane. The organ of Corti consists of sensory cells 
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Two types of sensory cells, the inner hair cell (IHC) and outer hair cell (OHC), can be 
differentiated by their positions and functions within the organ of Corti. One row of 
the IHC, leaning against the inner pillar cell outside the tunnel of Corti, is responsible 
for sensing the motion of the organ of Corti. Three or four rows of the OHCs, possibly 
with tiny sensory function, are sandwiched between the reticular lamina at the top and 
the Deiter’s cells seated on the basilar membrane at the bottom. These OHCs primarily 
act as actuation cells to actively modify the motion of the basilar membrane. About 
3500 IHCs and 12000 OHCs are distributed along the length of the human cochlea, 
while about 2000 IHCs and 7000 OHCs are distributed along the length of the guinea-
pig cochlea.  
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The tectorial membrane is a gel-like structure and overlays the organ of Corti. In the 
radial direction, this membrane is attached at the osseous spiral lamina near the 
modiolus and anchored by the OHC stereocilia at the other end. The stereocilia are 
hair-like structures, protruding from the top of the IHC and OHC through the reticular 
lamina. There is no attachment between the IHC stereocilia and tectorial membrane. 
The organ of Corti transmits the motion of the basilar membrane to bending the 
stereocilia, due to the relative shearing motion between the tectorial membrane and 
reticular lamina. This shearing motion happens because the tectorial membrane and 
reticular lamina have different rotational axes. The tectorial membrane pivots about a 
point attached with the spiral limbus, while the reticular lamina pivots about the apex 
of the pillar cells. Thus the vertical motion of the basilar membrane is converted into a 
shearing motion between the tectorial membrane and reticular lamina through the 
organ of Corti. 
 
2.3 Cochlear Mechanics 
Many studies in the past have contributed to our understanding of the cochlear 
mechanics (for a review, see: Robles and Ruggero, 2001). Helmholtz (1863) pointed 
out that the cochlea works as a Fourier or spectral analyzer. He suggested that the 
cochlea discriminated the components of a complex sound signal through a set of 
uncoupled resonators within it, much like a set of tuning forks, with each frequency 
exciting a prescribed location in the cochlea. von Békésy (1960) initiated the modern 
studies of the cochlear mechanics by showing the presence of a traveling wave in the 
cochlea, which is due to the fluid-structure interaction between the basilar membrane 
and scala fluids. Brownell and his colleagues (1985), by demonstrating the OHC 
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electromotility, boosted the studies of cochlear mechanics into an active period to 
pursue the real mechanism of the cochlear amplifier.  
 
The cochlear mechanics is now described on two different levels, namely the macro-
mechanics and micro-mechanics. The cochlear macro-mechanics and micro-mechanics 
both involve vibration at the nanometer scale with subtle interplay with each other. 
The macro-mechanics refers to the vibration of the basilar membrane relative to its 
lateral surrounding bony structures. The macro-mechanics embodies itself in the form 
of waves or ripples, traveling along the basilar membrane from the stapes at the base to 
the helicotrema at the apex. Under pure tone stimulus, the amplitude of the wave 
grows continuously while traveling down the cochlear duct until it reaches a maximum 
at a certain position known as the characteristic place. The stimulating frequency is 
called the cochlear best frequency corresponding to this characteristic place. The wave 
then attenuates quickly and disappears beyond that cochlear position. The relationship 
between the best frequency and characteristic place of the cochlea is called cochlear 
frequency-position map, with high frequencies toward the basal end and low 
frequencies toward the apical end. 
     
The cochlear macro-mechanics enables the cochlea to work like a frequency analyzer. 
Piston-like mechanical motion of the stapes results in pressure waves in the fluid ducts. 
The fluid-structure interaction between the scala fluids and basilar membrane sets up a 
traveling wave along the length of the cochlea. The tuning property of the basilar 
membrane results in distinct responses of the membrane, depending on the spectral 
components of the stimuli and frequency-position map of the cochlea. Different 
Chapter 2:                                                                                             Anatomy and Physiology of the Ear 
 18
frequencies in sound signals give rise to response peaks occurring at different locations 
along the length of the cochlea.  
 
The cochlear micro-mechanics refers to the complicated relative vibration of the 
elements within the organ of Corti. The micro-mechanics involves the functioning of 
the organ of Corti and underlies the transduction of the mechanical vibration of the 
basilar membrane into the electrical neural signals in the auditory nerve fibers. 
Moreover, the cochlear amplifier also arises in this stage, providing a means for the 
micro-mechanics to enhance the frequency responses initially determined by the 
cochlear macro-mechanics.  
 
The transduction processes involved in the micro-mechanics consist of a forward one 
and a reverse one. Due to the asymmetrical construction of the organ of Corti, the 
transverse motion (up-down) of the basilar membrane results in a shearing motion 
between the tectorial membrane and reticular lamina. This shearing motion results in 
the deflection the stereocillia of sensory cells. The deflection of the stereocillia opens 
and closes the mechano-electrical transduction channels. An electro-chemical process 
then arises resulting in the firing of neural signals in the auditory nerve fibers. The 
above process is the forward transduction. For the outer hair cell, the deflection of the 
stereocillia also excites the length change of the OHC, and this process is known as the 
reverse transduction. Because the OHC is located between the reticular membrane and 
the Deiter’s cells on the basilar membrane, this length change, triggered in the reverse 
transduction, exerts a force on the basilar membrane. This could result in the 
amplification or suppression of the basilar membrane movement.  
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2.4 Physiology of Outer Hair Cell (OHC) 
The outer hair cell is an extremely versatile yet critical mechanical element of the 
cochlea. Figure 2.5 shows the schematic drawing of the OHC and its lateral wall. The 
OHC resembles a cylinder with intracellular fluid inside, and extracelluar fluid outside 
the lateral wall of the OHC. The diameter of the OHC is about 10 mμ  and the length 
ranges from 20 to 90 mμ . The OHC is capped by the cuticular plate at the apical end, 
and the synaptic membrane at the basal end. The lateral wall of the OHC, with the 
thickness of about 100 nm , consists of three layers: the outermost plasma membrane, 
the innermost subsurface cisternae and the intermediate cortical lattice. The space 
between the plasma membrane and subsurface cisternae is bridged by radial pillars.  
 
Figure 2.5 Schematic drawings of the OHC and its lateral wall. 
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The stereocilia at the top of the OHC are arranged in three or four parallel rows, with 
each row resembling the “V” or “W” pattern. The stereocilia in the longest row are 
firmly attached to the tectorial membrane, and those in the other rows stand freely in 
the subtectorial place between the lower surface of the tectorial membrane and upper 
surface of the reticular lamina. The rootlets of the stereocilia are half projected into the 
cuticular plate. The function of stereocila is to house the mechano-electrical 
transduction channels, and sense the shearing motion between the tectorial membrane 
and reticular lamina.  
 
The plasma membrane, rich in protein particles with a density of about 26000 mμ , is 
believed to be responsible for the molecular mechanism of the OHC electromotility. 
These particles, acting as motor proteins, are believed to elongate or shorten axially in 
response to the transmmebrane voltage change, depending on voltage hyperpolariztion 
or depolarization (Dallos, et al., 1991; Forge, 1991; Iwasa, 1994). The subsurface 
cisternae, single-layered or multi-layered, consist of parallel and tightly packed 
lamellae, and appear to have no obvious structural function. The cortical lattice 
consists of thick actin filaments and thin spectrin crosslinks. Consequently, the cortical 
lattice is stiffer circumferentially than longitudinally. Its function is to maintain cell 
shape and direct the conformational changes in the plasma membrane mainly into the 
axial length change of the OHC (Holley and Ashmore, 1988b; Holley, et al., 1992).  
 
The OHC possesses the electromotile property, a unique ability to generate significant 
voltage-excited length change on a cycle-by-cycle basis in the hearing frequency range. 
When compared with widely used piezoelectric crystals, OHC shows a remarkable 
sensitivity up to 25 mVnm (Steele, et al., 2003). Figure 2.6 shows the relationship 
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between the OHC axial length change and applied transmembreane voltage change. 
The electromotile response, which can be well fitted with simple two-state Boltzmann 
functions, is nolinear and asymmetrical, and it becomes saturated beyond large voltage 
changes. At low frequencies, upward motion of the basilar membrane results in the 
stereocilium deflection toward the highest row of the stereocilia, resulting in voltage 
depolarization and cell elongation; downward motion of the basilar membrane results 
in the deflection toward the shortest row, resulting in voltage hyperpolarization and 
cell shortening. Because of the OHC strategic location in the cochlea, connecting the 
reticular lamina and Deiter’s cells seated on the basilar membrane, the OHC 
electromotility and accompanied force alter the motion of the basilar membrane and 
introduce significant functional effects into the cochlear nonlinear characteristics.  
 
 
Figure 2.6 OHC electromotiltiy and its sensitivity as a function of transmembrane 
voltage (Adapted from Santos-Sacchi, 1992). 
 
 




The anatomy and physiology of the mammalian ear is presented, with an emphasis on 
the cochlea and organ of Corti. The cochlear mechanics is also given, including the 
traveling waves in the cochlear macro-mechanics, and transduction processes in the 
cochlear micro-mechanics. Finally, the physiology of the outer hair cell is described, 
together with the electromotile property of the outer hair cell.  
 




Mathematical Model of Outer Hair Cell 
 
The mathematical model of the outer hair cell is presented in this chapter. Firstly, a 
brief literature review on previously developed mathematical models of the outer hair 
cell is given. The detailed mathematical formulation used in the present model is then 
described. Lastly, parameters in the model are determined and compared with 
experimental measurements and other modeling results. 
 
3.1 Literature Review 
The outer hair cell (OHC) is thought to be responsible for the active process in the 
cochlea and many mathematical models have been proposed to study (i) the quasi-
static properties and (ii) dynamic properties of the OHC. 
 
3.1.1 Quasi-static Models 
The OHC could significantly influence the vibrating elements of the cochlea by 
applying active force and energy into the organ of Corti. The quasi-static 
electromechanical properties of the OHC are crucial characteristics to apply such 
active influence. The OHC lateral wall was first modeled as a simple mechanical 
spring (Holley and Ashmore, 1988a) or an isotropic elastic membrane (Iwasa and 
Chadwick, 1992). Further improvements were made by including the anisotropic 
properties (Steele et al., 1993; Tolomeo and Steele, 1995), and the multi-layered 
Chapter 3:                                                                                      Mathematical Model of Outer Hair Cell 
 24
structures of the lateral wall into the OHC models (Spector, 2001; Spector, et al., 
1998a; Sugawara and Wada, 2001).  
 
Previous works on modeling the electrically-excited OHC electromotility stem from 
two different mechanisms which are based on area-motor theory and bending-motor 
theory. Both the area and bending motors were suggested to be uniformly distributed 
in the plasma membrane and simultaneously change their conformational states in 
response to the transmembrane voltage change (Brownell, et al., 2001). Area motors 
were thought to undertake electrically induced longitudinal and circumferential 
dimension changes, flicking between the long and short states (Dallos, et al., 1993; 
Iwasa, 1994). Phenomenologically, area motors manifested the piezoelectric-type 
behavior (Dong et al., 2002), and OHC models using piezoelectric theory have been 
proposed (Mountain and Hubbard, 1994; Steele, et al., 1993; Tolomeo and Steele, 
1995). The molecular-level model based on area motors was also given by Spector et 
al. (2001). Bending motors were suggested to undertake electrically induced 
longitudinal curvature changes, resembling the liquid crystals with flexoelectrical 
behavior (Oghalai, et al., 2000; Raphael, et al., 2000). The nonlinear characteristics of 
the OHC electromotility were considered in the models by Spector (2001) and Spector 
et al. (1999). 
 
The electromechanical properties of the OHC, being difficult to measure directly in 
experiments, are usually obtained using cell quasi-static models through a reverse-
solution process. With a known OHC model, the OHC properties are found by fitting 
the load-induced phenomenological responses which are relatively easy to measure. 
The axial stiffness, a dominant behavior of the OHC to resist axial loads, was often 
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measured by loading the cell with a fine glass fiber, and its value was found to vary 
significantly from 0.5 to 25 mmN  (Gitter, et al., 1993; Hallworth, 1995; Holley and 
Ashmore, 1988b; Iwasa and Adachi, 1997; Ulfendahl et al., 1998). The cell axial 
stiffness was also found to be voltage-dependent, increasing upon hyperpolarization 
and decreasing upon depolarization (Dallos and He, 2000; He and Dallos, 1999; 2000). 
Other experimental methods of cell mechanics were also applied to study the OHC 
properties, like cell inflation (Iwasa and Chadwick, 1992), osmotic challenge 
(Ratnanather et al., 1996), micropipette aspiration (Sit, et al., 1997), whole-cell voltage 
clamp (Ashmore, 1987) and microchamber (Dallos, et al., 1993).  
 
A common aim in these experiments is to find cell dimensional changes under either 
mechanical or electrical loading conditions. Proper combinations of these 
phenomenological responses of the OHC in experiments can be used to determine the 
parameters in OHC models. This reverse scheme has been widely applied in the past to 
determine the OHC properties (Spector et al., 1998b; Spector and Jean, 2003; 
Tomomeo and Steele, 1995; Wada, et al., 2003).   
 
Most of the previous studies focused on modeling the behavior of an OHC of a certain 
length, and the influence of the OHC length on its electromechanical properties has not 
been thoroughly investigated. Morphological studies have shown that the OHC length 
decreases from the low-frequency region of the cochlea to the high-frequency region. 
Moreover, the axial stiffness tends to be inversely proportional to the cell length 
(Hallworth, 1995; Ulfendahl et al., 1998). Therefore, the OHC properties could be 
length-dependent and this deserves a thorough investigation. 
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3.1.2 Dynamic Models 
As the cochlea can work over a broad-band frequency range, the study of the OHC 
dynamics is important. However, damping forces from two sources should be 
overcome before the OHC could effectively act as the cochlear amplifier. The first is 
the electrical damping due to the membrane low-pass electrical filter (Santos-Sacchi, 
1992). Possible mechanisms have been proposed to rescue the high-frequency voltage 
decrease. Dallos and Evans (1995) suggested that, at high frequencies, the extracellular 
potential change may excite the OHC electromotility. Spector et al. (2003) reported 
that higher values of the corner frequency of the low-pass characteristics are observed 
in OHC models when piezoelectric properties of the lateral wall are included in the 
models. The second is the mechanical damping by the cellular viscous fluids and 
viscoelastic lateral wall. Several experimental results consistently showed that the 
electromotile length change and active force generated by the OHC remain almost 
unattenuated up to frequencies well above the hearing range (Dallos and Evans, 1995; 
Frank et al., 1999; 2000; Scherer and Gummer, 2004).  
 
Besides experimental studies, theoretical models of the OHC were proposed to 
simulate the dynamics of OHC, especially the coupling of the OHC lateral wall with 
the intracellular and extracellular viscous fluids (Liao, et al., 2005a; 2005b; 
Ratnanather, et al., 1997; Tolomeo and Steele, 1998). Similar to the experimental 
findings, the modeling results showed that the OHC under electrical excitation is able 
to overcome the viscous forces and generate significant electromotile response in the 
cochlea over the hearing range.  
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Previous studies, however, focused on the axisymmetric vibration mode of the OHC, 
and very little is known about its asymmetric vibration modes. Nevertheless, the 
surrounding cellular structures in the organ of Corti present a non-symmetrical 
environment to the OHC (Fernández, 1952), and the protein particles are found to be 
nonuniformly distributed in the plasma membrane (Santos-Sacchi, 2002). These may 
result in asymmetric loadings on the OHC, and the in vivo OHC may undergo 
asymmetric vibration modes. Favorable evidence from in vitro experiments of the 
OHC demonstrated that the isolated OHC undergoes bending under electrical 
excitation, together with the rotational motion of the cuticular plate (Frolenkov et al., 
1997; 1998; Zenner et al., 1988). From the shell theory, the beam-bending mode of a 
cylinder will induce such movements. Moreover, modeling results of the OHC 
undergoing static deformation also showed multiple deformation modes in the OHC 
(Spector et al., 2002a). All these findings substantiate the fact that the in vitro OHC 
can undergo asymmetric vibration modes. Thus, the asymmetric modes of the OHC 
deserve to be studied in detail. 
 
3.2 Mathematical Formulation 
This section describes the mathematical formulation of the OHC model. The OHC is 
modeled as a fluid-structure interaction system, including the cell lateral wall and 
intra- and extracellular fluids. The lateral wall is modeled as a piezoelectric cylindrical 
composite shell. Both the intracellular and unbounded extracellular fluids are included 
in the present study. Two fluid models, viscous flow and inviscid flow, are used. The 
velocities are matched at the fluid-shell interface, and the tractions from the fluids are 
applied as loads on the shell. This results in a coupled system of equations that need to 
be solved simultaneously. To study the frequency responses of the OHC for different 
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vibration modes, the solutions of both the shell and fluid equations are decomposed 
using Fourier series expansion in the circumferential direction.   
 
3.2.1 Lateral Wall 
The motion equations of the OHC lateral wall are first presented using the composite 
shell theory, in which the bending-stretching coupling between layers is considered. 
Two separate layers in the OHC are considered: the plasma membrane and the cortical 
lattice. The subsurface cisternae, closely bonded with the cortical lattice, contribute to 
the orthotropic mechanical properties of the OHC, and its effect is lumped with that of 
the cortical lattice.  
 
The plasma membrane is isotropic and it is responsible for the OHC electromotility 
(Forge, 1991; Huang and Santos-Sacchi, 1994). This layer is modeled as an isotropic 
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where σ represent the stress; ε, strain; D, electric displacement; and V, the 
transmembrane voltage change. The subscripts indicate the directions: axial (x), radial 
(r) and circumferential (θ). The properties of the plasma membrane are the electric 
permittivity (∈), piezoelectric coupling constant (e), thickness (hP), Young’s modulus 
(EP), and Poisson ratio (νP). The piezoelectric coupling θxe   is set to zero, as no 
significant twisting of the cell wall in response to electrical stimulus has been reported. 
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The cortical lattice, which primarily determines the orthotropic mechanical properties 
of the OHC, is modeled as an orthotropic elastic layer without piezoelectric properties 








































































   (3.2) 
with xx EE θθ νν = , and Gxθ is the shear modulus. Based on the classical thin shell 






































































































































)(1               (3.3) 
where R is the radius of the OHC lateral wall, and iu are the mid-plane displacements 
in the x, θ, and r directions, respectively. The quantities, ( 0xxε , 0θθε , 0θε x ) and 
( xxκ , θθκ , θκ x ), are the strains and curvatures at the mid-plane, respectively. The 
variable z gives the coordinate in the shell thickness direction measured from the mid-
plane. Here, the normal to the shell is assumed to remain straight and normal to the 
mid surface during deformation. Thus the model can be regarded as an effective 
single-layer shell model. 
 
Assuming no relative motion between the plasma membrane and the cortical lattice, 
the constitutive relation for composite shell with large radius-to-thickness ratio is 
(Reddy, 2004) 
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θθ                (3.8) 
The summation indexes 1 and 2 refer to the cortical lattice and the plasma membrane, 



























































     (3.9) 
where kz  are the locations of the edges of each layer, and ijQ (i,j=1,2,6) are elastic 
stiffnesses of each lamina which can be expressed using Young’s modulus and Poisson 
ration. 




























































  (3.10) 
 




The force and moment resultants of a differential piece of the shell are shown in Figure 































































θθθθθ  (3.13) 
where ρ and h are the densities and thicknesses, respectively. The subscripts, P and L, 
are used to denote the plasma membrane and cortical lattice, respectively. The external 
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forces per unit area acting on the cylinder fi are contributed by the loading from the 
surrounding fluids. Combining the equations (3.4) and (3.11-3.13), the motion 
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where ijL  are differential operators (given in Appendix A).  
 
For harmonic vibration with the exciting angular frequencyω , the displacements 
iu and external forces if under steady state of the cylindrical shell can be expressed as 
harmonic functions in time, and decomposed into the Fourier modes in the 
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where i is the unit imaginary number ( 1−=i ); ikU~ , ikτ~ are even mode components, 
and ikUˆ , ikτˆ  are odd mode components. For solutions with such forms, the time 
derivatives of the displacements lead to a diagonal matrix which can be lumped into 
the differential operators iiL . With the prescribed circumferential modes, the partial 
derivatives in the differential operators ijL  are reduced to simple forms with only 
derivatives in the axial direction. Here and thereafter, only the equations corresponding 
to even modes are given; its counterparts corresponding to odd modes can be easily 
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obtained in the similar way without further difficulties.  The motion equations of the 



































































θθ                                         (3.17) 
The differential operators ijL′  are given in Appendix B. 
 
3.2.2 Intracellular and Extracellular Fluids 
Both the intracellular and extracellular fluids are included in the OHC model. The 
fluids are modeled as incompressible, with the conservation of mass given by  
  0. =∇ vr       (3.18) 
where vr  is the velocity in the fluid. The Reynolds number for the OHC model is 
small, 3104 −×<eR , given the parameters of the model: OHC radius, mR μ5= ; 
kinematic viscosity of fluid, /smf
2610027.1 −×=ρμ ; and the estimated maximum 
velocity on the OHC, smv /800max μ= ( Mountain and Hubbard, 1994). For such a low 
value of the Reynolds number, the convective flow is neglected, and the conservation 
of momentum is given by Stokes equation (Currie, 2003) 





rr μρ                                                 (3.19) 
where p is the pressure in the fluid, and ρF and μ are the density and dynamic viscosity 
of the fluid, respectively. The traction t
r
 acting on the fluid surface with unit outward 
normal nr  is then given by 
  ( )[ ]nvvIpnt T rrrrr .. ∇+∇+−== μσ                                  (3.20) 
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where σ  is the stress tensor and I  is the identity tensor. The resulting force acting on 
the OHC lateral wall is thus given by the sum of the reaction tractions from the 
intracellular fluid it
r
and extracellular fluid et
r
. 
  )( ei ttf
rrr +−=                                                      (3.21) 
where the superscripts i and e are used to denote the interior and exterior domains of 
the OHC lateral wall, respectively. 
 
The fluid model can further be simplified by neglecting the viscosity of the fluid, 
resulting in an inviscid flow. This reduces the number of unknowns, from the three 
velocity components to a single velocity potential φ from which the velocity is derived.  
  φ∇=vr                                                              (3.22) 














vr    (3.23) 
and the momentum equation gives the fluid pressure as  
t
p F ∂
∂−= φρ                                                 (3.24) 
The resultant force on the OHC wall only has a component normal to the surface and 
the tangential components are zero. 








∂−=−= φφρ                              (3.25) 
where ip  and ep  are the pressures applied on the lateral wall by the intracellular and 
extracellular fluids, respectively; inr  is the unit outward normal to the OHC lateral wall. 
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Although the inviscid fluid model is attractive in terms of its simple formulation and 
reduced number of unknowns, it only includes the mass effect of the fluids. For the 
small length scale of the OHC model, the viscosity of the fluid should have a 
significant effect. Hence, the two fluid models, viscous flow and inviscid flow, are 
included in the OHC model, so as to study the effects of fluid viscosity on the 
frequency responses of the OHC. 
 
For oscillating flow, the velocity components iv , traction components it , pressure p and 
velocity potential φ under steady state are also expressed as harmonic functions in 
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where ikV
~ , ikτ~ , kP~ , kΦ~ are even mode components, and ikVˆ , ikτˆ , kPˆ , kΦˆ are odd mode 
components. For viscous flow, the continuity equation corresponding to even modes 





                                     (3.30) 
with the momentum equation given by 
0
~
).(~ 2 =−∇∇+∇− kk VIP
rλμ                                      (3.31) 
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where I  is the identity tensor, and μ








⎛ ∇+∇+−= μτ                                      (3.32) 
For inviscid flow, the governing equation becomes  
  0~2 =Φ∇ k                                                         (3.33) 
with the velocity and pressure given by 
  kkV Φ∇= ~
~r
                                                 (3.34) 
kFk iP Φ= ~~ ϖρ                                                     (3.35) 
The velocities of the shell and the fluids are matched at the fluid-structure interface. 
ikik UiV
~~ ω−=                                                     (3.36) 
The resultant force applied by the inviscid flows on the OHC wall is 







~~~~~ ρ                  (3.37) 
and the resultant force by viscous flows is 
( )ekikkF ττ ~~~ rrr +−=                                                  (3.38) 
 
3.2.3 Boundary Conditions 
Here the boundary conditions of the in vitro OHC used in experiments are described in 
details; for the in vivo OHC, minor modifications should be done on the boundary 
conditions. Due to the high stiffness constraints by the cuticular plate and Deiter’s cells, 
the two ends of the in vitro OHC lateral wall are assumed to be rigid caps. One of the 
ends is fixed while the other is free to move axially. The boundary conditions for the 
shell equations are 







































































θ    
(3.39) 
where PF is the loading on the free rigid cap due to the fluid pressure difference and 
given as 
( )∫ ∫ −= R eiP drdPPrF 0 20 π θ               at Lx =                    (3.40) 
This fluid force is only considered for the axisymmetric mode (k=0) due to the rigidity 
of the free cap on which PF  is applied. Variable xF is an axial harmonic perturbation 
force applied on the free rigid cap to excite different circumferential vibration modes 
( θkcos , with k=0, 1 and 2) of this fluid-structure interaction system. 
θω keFF tixx cos−=                         at Lx =                   (3.41) 
where xF  is the amplitude of perturbation force. The transmembrane voltage change rV , 
implicitly included in the shell motion equation, is another kind of excitation due to the 
OHC electromotility corresponding to different circumferential vibration modes. 
θω keVV tirr cos−=                                               (3.42) 
where rV  is the amplitude of voltage change applied across the OHC lateral wall. 
 
When the fluid is modeled as an inviscid flow, the boundary conditions for the 
intracellular fluid are determined by matching the velocities of the shell and 
intracellular fluid at the fluid-structure interface. 











































   (3.43) 
where ),,,( trLvx θ  is the axial velocity of the fluid at the free rigid cap. In the 
simulation, its value is determined according to the vibration modes of the OHC. For 
the axisymmetric mode (k=0), this velocity is equal to axial velocity of the rigid cap; 
for the bending mode (k=1), ),,,( trLvx θ  is a linear function of the radial position r ; 
































θ                                (3.44) 
When the fluid is modeled as a viscous flow, the boundary conditions are 
( )





























     
(3.45) 
For the extracellular fluid, the radiating boundary condition at infinity along the radial 
and axial directions should be substituted for the radial boundary condition at the 
cylindrical axis ( 0=r ), and further discussion will be given in Chapter 4. 
 
Taking advantage of the harmonic behavior of the solution and the axisymmetric 
geometry of the domain of interest, the boundary conditions can also be easily 
rewritten with different mode components of the fluid solution ( vr ) and shell solution 
(ur ). Thus, this formulation represents the two-dimensional shell model with a one-
dimensional computational domain, and the three-dimensional fluid model with a two-
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dimensional computational domain, as a result of using the Fourier series expansion 
for the shell and fluid motions in the circumferential direction. 
 
3.3 Parameter Determination 
The electromechanical properties of the OHC are crucial for its electromotile response 
and force generation in the cochlea. Their values are determined by matching the 
responses obtained from the present OHC model with the load-induced 
phenomenological responses which have been reported in literatures. As mentioned in 
Section 1.3, the parameters obtained in this reverse-solution process allow the OHC 
dynamic analysis in the following resynthesis process. In the OHC model, the 
following fixed parameters are used: OHC radius mR μ5= , plasma membrane 
thicknesses mhP μ01.0=  and cortical lattice thickness mhL μ03.0= . 
 
3.3.1 Quasi-static Axisymmetric Deformation 
In total, eight material properties are involved in the OHC model: Young’s modulus 
(EP) and area Poisson ratio (νP) of the isotropic plasma membrane, piezoelectric 
parameters (ex and eθ) of the plasma membrane, and Young’s and shear moduli (Ex, Eθ, 
and G xθ) and Poisson ratio (νx) of the orthotropic cortical lattice. It is thought that the 
stiffness of the plasma membrane should be at least of the same order as the axial 
stiffnesses of the cortical lattice and whole cell; otherwise, the conformational changes 
generated in the plasma membrane cannot be effectively transmitted into the whole-
cell length change. Tolomeo et al. (1996) studied the mechanical properties of the 
OHC lateral wall and suggested that the plasma membrane, being two-dimensional 
elastic incompressible, could dominate the OHC axial stiffness. Their derived values 
were used for the mechanical properties of the plasma membrane. 
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PPhE =1 mnN μ                                                       (3.46) 
Pν =0.9                                                                  (3.47) 
Few experimental measurements are available for the shear modulus of the cortical 
lattice; hence, the modeling result given by Spector et al.  (2002b) is used for the shear 
modulus of the cortical lattice. 
θxG =6.39
2mnN μ                                                (3.48) 
 
The rest of the five parameters are the piezoelectric parameters (ex and eθ) of plasma 
membrane, and Young’s moduli (Ex, Eθ,) and Poisson ratio (νx) of the cortical lattice. 
These parameters are determined using three combined sets of phenomenological 
responses in experiments from guinea-pig OHCs. Firstly, in the cell inflation 
experiment done by Iwasa and Chadwick (1992), an internal pressure ( P =1 kPa ) was 
applied on OHCs with lengths ranging from 50 mμ  to 75 mμ , and the axial and 
circumferential strains were found to be 
  Pxε =-0.05                                                          (3.49) 
  Pθε =0.09                                                           (3.50) 
Secondly, Ulfendahl et al. (1998) applied an axial compressive force ( xF =-10 nN ) on 
OHCs with lengths ranging from 30 mμ  to 80 mμ , the OHC axial stiffness was found 






−=ε                                                (3.51) 
Finally, in the whole-cell voltage clamp experiment by Ashmore (1987), for OHCs 
with the resting lengths of about 60 mμ  and 30 mμ , the electromotility sensitivities, 
describing the relationship between the length change LΔ  and transmembrane voltage 
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change rV  , are mVmμ026.0− and mVmμ010.0− , respectively. Therefore, for the 
OHC with the length of 60 mμ , when the transmembrane voltage changes take the 
values of -40 mV  and 50 mV , two equations derived from the OHC electromotility 
sensitivity are given as 
+ΔL =1.04 mμ  at  −Δ rV =-40 mV                                  (3.52) 
−ΔL =-1.3 mμ   at  +Δ rV =50 mV                                    (3.53) 
where variable +ΔL is the cell length extension upon voltage hyperpolarization, and 
−ΔL is length contraction upon voltage depolarization. 
 
In the three experiments above, the applied stimuli are the pressure change of the 
intracellular fluid ( P ), axial force applied at the free end of the OHC ( xF ) and 
transmembrane voltage change ( rV ), respectively. Under these quasi-static 
axisymmetric mechanical or electrical stimuli, the OHC undergoes axisymmetric 
deformation, with the circumferential displacement being zero. The motion equations 














































































11                              (3.55) 
The two decoupled ordinary differential equations along the axial direction prescribe 
the static axisymmetric deformation of the OHC. The boundary conditions are 
determined based on the fixation of the in vitro OHC in experiments. As stated in 
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previous section, both ends of the cylindrical lateral wall are assumed to be clamped; 
one of the ends is fixed while the other is free to move axially.  
 
3.3.2 Iterative Method 
An iterative procedure based on Newton’s method is then used to find the material 
constants that will reproduce the corresponding strains under the three loading 
conditions. Mechanical parameters of the cortical lattice (Ex, Eθ and νx) are first 
determined using equations (3.49), (3.50) and (3.51); piezoelectric parameters of the 
plasma membrane ( xe and θe ) are then determined using equations (3.52) and (3.53). 
The iterative procedure to determine the mechanical parameters Ex, Eθ and νx is as 
follows: 
(i) Result initiation: Make a guess for the unknown parameters as 
[ ]0xθx ,ν, EE and define vector [ ] [ ]FxPPxeriment εεεεεεε θ ,,,, 321exp == as the 
experimentally determined strains in equations (3.49), (3.50) and (3.51). 
(ii) Equation solving: Using values [ ]kxθx ,ν, EE , solve equations (3.54) and 
(3.55) and obtain the strains as [ ]kk 321 ,, εεεε = . 
(iii) Error computation: Compute strain errors ( )Terimentk expεεε −=Δ .If the 
norm 810−>Δε , go to step (iv); otherwise, go to step (v). 
(iv) Result update: Use Newton’s method to update parameters [ ]xθx ,ν, EE  and 
then return to step (ii) and repeat the iteration. The elements in Jacobian 
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(v) Result output: Stop iteration and output present [ ]kxνθ ,E ,Ex  as the finding 
parameters. 
Similar procedure is used to determine the piezoelectric parameters xe and θe , with the 
only change for equation (3.56) in which the number of undetermined parameters is 
two rather than three. 
 
Perturbation method is used to solve the axisymmetric motion equations of the lateral 
wall to improve the computational efficiency within the iteration. For the fourth order 










4γϕ                                        (3.57) 
where the constant ϕ is smaller than one ( 1<ϕ ); x is a variable changing from 2L− to 






k ww ϕ                                                          (3.58) 
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4γ                                                  (3.60) 
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with ff =0 and 2 1
2
dx
wdCf kk −−= . For this ODE sequence, an analytical solution is 
available. Under the symmetric boundary conditions for w  with the two clamped ends, 
the solution kw in the range [ ]20 Lx∈  is 
























                     (3.61) 
with
2
Lγα = . When kw is obtained using equation (3.61), the solution w can be 
determined using equation (3.58).  
 
3.3.3 Code Validation 
An in-house code is written using MATLAB software to implement the model. Before 
the iterative method above is used to determine the parameters in the model, validation 
of the code is performed. The present model is similar to the one developed by 
Sugawara and Wada (2001), in which the bending-stretching coupling between layers 
is neglected. When the same experimental measurements as in their model ( Pxε =-0.07; 
P
θε =0.125; Fxε =-0.047) are used, the obtained results by the present model are given in 
Table 3.1, where variable H is the total thickness of the lateral wall with the value 
of mH μ1.0= . Despite small difference probably due to the neglect of the bending-
stretch coupling in their model, comparison shows that the present results are in good 
agreement with theirs. However, the iterative method used in the present model 
possesses higher computational efficiency than their domain-scanning method in 
which every possible combination of parameters is tried until the optimized one is 
found.  
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Table 3.1 Mechanical properties of the cortical lattice obtained in the validation 
 L  ( mμ ) xυ  
HEx  
( mnN μ ) 
HEθ  
( mnN μ ) 
Present model *  60 0.547 5.06 13.88 
Sugawara & Wada (2001) 60 0.560 4.60 13.00 




The OHCs with the length of 60 mμ  and 30 mμ , representing typical cells at the apical 
turn and basal turn of the cochlea, respectively, receive much attention in previous 
studies. Thus its electromechanical properties are determined and compared to 
previously reported values (in Table 3.2). The resultant stiffness moduli of the cortical 
lattice obtained by the present model can be directly compared with the experimental 
measurements given by Tolomeo et al. (1996). Although the OHC length and the 
Poisson’s ratios were not reported in the experiment, their measured moduli of the 
cortical lattice are close to the present modeling results. However, few results reported 
in the literatures can be used to make this direct comparison for the piezoelectric 
coefficients of the plasma membrane. Spector (2000) suggested that the piezoelectric 
coefficients, xe  and θe , change in a confined range. 
( ) mVmnNhehe PPx μθ 3109.0~3.05.0 −×−=−                         (3.62) 
The values of PPx hehe θ5.0− obtained by the present model are 31015.1 −×−   
mVmnN μ for the OHC with the lengths of 60 mμ , close to the suggested upper limit. 
For the OHC with the length of 30 mμ , the result obtained by Equation (3.62) is 
31047.0 −×− , a value close to the lower limit. 
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Table 3.2 Electromechanical properties of the OHC 
 









Pxhe  ( )mVmnN μ  
 
Pheθ  ( )mVmnN μ
 
60 0.502 0.820 3.120 -2.16×10-3 -2.02×10-3 Present  model 30 0.501 0.478 1.855 -1.48×10-3 -1.36×10-3 
Measurements a  - - 0.5 3 - - 
Single-layered 
model b  - 0.518 0.98 3.4 -1.0×10
-3 -1.3×10-3 
Single-layered 
model c  - - - - -6.8×10
-3 -13×10-3 
0.502 1.2 4.8 - - Single-layered 
model d   0.503 1.6 6.4 - - 
a  Tolomeo et al. (1996); b Tolomeo and Steele (1995); c Spector (1999); d Spector et al. (1998b). 
 
The OHC properties have also been obtained using several single-layered OHC models, 
and an indirect yet informative comparison can be done between the present results 
obtained from the two-layered model and reported ones obtained from single-layered 
models. The elastic properties reported for the single-layered model (Tolomeo and 
Steele, 1995; Spector et al., 1998b) are higher than those obtained from the present 
model, as their results represent the combined stiffness of plasma membrane and 
cortical lattice. The present obtained piezoelectric coefficients compare well with those 
given by Tolomeo and Steele (1995), but are much lower than those given by Spector 
(1999). Besides the differences between the models used in the studies, the essential 
reason for the range of the reported OHC properties stems from the different selected 
phenomenological responses in experiments. As suggested by Spector, et al. (1998b), 
the determined parameters are very sensitive to the experimental measurements used. 
 
3.3.5 Cell Length-dependent Properties of the Lateral Wall 
The cochlea exhibits change in geometrical sizes and material attributes along its 
length. Long OHCs are located at the low-frequency region of the cochlea near the 
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helicotrema, and short OHCs are located at the high-frequency region near the stapes. 
The OHCs with different lengths are likely to possess different mechanical properties, 
due to the accompanied difference in axial stiffnesses. In the model, the pressure 
change in cell inflation experiment is assumed to result in nearly similar strains for the 
OHC with different lengths; thus the OHC length-dependent stiffness given by 
Ulfendahl et al. (1998) is the only factor to influence the mechanical properties of the 
cortical lattice. Because the cell lengths used by Iwasa and Chadwick (1992) range 
from 50 to mμ75 , this assumption is feasible at least for the OHC within the same 
length range.  
 
Figure 3.2 Resultant stiffness modulus and Poisson’s ratio of the cortical lattice 
against the length of the OHC with large Poisson’s ratio of the plasma membrane 
(νP =0.9).  
 
 
Figure 3.2 shows the relationship between the OHC length and the mechanical 
orthotropic properties of the cortical lattice. The resultant stiffness moduli 
( CxhE and ChEθ ) of the cortical lattice reach their maximum at the length of 50 mμ . 
Beyond this length, the modluli are found to decrease, with the circumferential 
modulus showing a more significant decrease. The Poisson ratios are found to be 
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rather invariant with length. These values, however, only represent the gross properties 
averaged over the whole length. The recent finding about the property variations along 




Figure 3.3 Resultant stiffness modulus and Poisson’s ratio of the cortical lattice 




As the Poisson ratio of the plasma membrane is difficult to determine in practice, its 
effect on the cortical lattice properties is analyzed and shown in Figure 3.3. For a lower 
value of νP = 0.5, it can be seen that higher values of cortical lattice stiffnesses are 
obtained. This is in agreement with the argument that the stiffness of the plasma 
membrane is simultaneously dependent on its modulus and Poisson ratio of the plasma 
membrane (Toleomo et al., 1996). Since the plasma membrane modulus EP is kept 
constant in the present model, a decrease in νP would result in an effective drop in the 
stiffness of the plasma membrane. Hence, an increase in the moduli of the cortical 
lattice is needed to compensate the stiffness drop in the plasma membrane. The 
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Poisson ratios of the cortical lattice are also affected by the change in Poisson ratio of 
the plasma membrane νP. Compared with the minor increase of axial Poisson’s ratio, 
the circumferential Poisson’s ratio shows a more significant decrease. 
 
3.4 Summary 
A mathematical model of the outer hair cell is developed, based on composite shell 
theory. The new features in the present model include (i) modeling of the lateral wall 
as cylindrical composite shell consisting of the piezoelectric plasma membrane and 
orthotropic cortical lattice, (ii) modeling of the intra- and extracellular fluids as both 
inviscid and viscous flows, and (iii) consideration of both the axisymmetric and 
asymmetric vibration modes of the outer hair cell.  
 
Parameters in the model are determined from reported phenomenological responses of 
the in vitro OHC in experiments, and the variation of material properties with the cell 
length is studied. The resultant stiffness moduli of the cortical lattice change 
significantly with cell length, while the Poisson ratios are found to remain fairly 
constant with cell length. Moreover, the resultant stiffness moduli of the cortical lattice 
are sensitive to the properties of the plasma membrane, with an increase of the moduli 
of the cortical lattice corresponding to a decrease of the Poisson’s ratio of the plasma 
membrane. Because the OHC with different lengths possesses different axial 
stiffnesses, the findings here show that the material properties of the lateral wall 
determined from OHC models are very sensitive to the cell axial stiffness. 
 




Outer Hair Cell with Inviscid Flow 
 
The frequency responses of the outer hair cell for different vibration modes are studied 
in this Chapter, together with the correlation between the OHC resonant frequency and 
cochlear best frequency at the characteristic place of the basilar membrane where the 
OHC is located. The shell equation is discretized using finite difference method. The 
intracellular and extracellular fluids are modeled as an inviscid flow, and their 
equations are discretized using two different computational methods: finite difference 
method and boundary element method. The frequency responses obtained using these 
two methods are compared and the advantages and disadvantages of using the two 
methods to solve the OHC model are discussed. 
 
4.1 Literature Review 
Frequency tuning, a distinct feature of the mammalian hearing, manifests itself 
commonly in the cochlear mechanics, in terms of the mechanical traveling waves in 
the basilar membrane and electrical spikes in the auditory nerve fibers. The OHC, 
being a critical element in the organ of Corti, also shows frequency tuning in several 
aspects. Russell and Sellick (1977) and Dallos et al. (1982) observed highly tuning 
frequency response of the receptor potentials from the inner and outer hair cells. 
Strelioff et al. (1985) developed a simple model including the OHC stereocilia and 
tectorial membrane (TM), and suggested that the cochlear best frequency is close to 
the resonant frequency of the coupled stereocilia-TM system. Brundin et al. (1989) and 
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Brundin and Russell (1994) found that the sound-induced motility of the OHC is also 
highly frequency-tuned, and obtained the length-dependent resonant frequency of the 
OHC. Weitzel et al. (2003) studied the electrical resonant frequency of the OHC using 
a piezoelectric OHC model, and proposed that this frequency is in inverse proportion 
to the OHC length. Although Brundin and colleagues obtained the OHC resonant 
frequency under direct mechanical excitation, the frequency response was only studied 
within the frequency range less than 3 kHz, due to the instrument limitation. Moreover, 
the frequency response for different vibration modes (axisymmetric or asymmetric) is 
not investigated. Therefore, a modeling work of the OHC dynamics for different 
modes would provide helpful supplements for a better understanding of the 
mammalian hearing, especially when physiologically-like mechanical or electrical 




Figure 4.1 Applied force on the circumference at the free end of the OHC to excite 
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4.2 Parameters 
With the electromechanical properties of the OHC lateral wall determined in Chapter 3, 
the model is used to study the frequency response of the OHC. A harmonic 
perturbation force with the amplitude of 0.1 mnN μ/  is applied on the circumference at 
the free end of the OHC to excite the system in various circumferential modes (Figure 
4.1). The densities of the intracellular and extracellular fluids, plasma membrane and 
cortical lattice used in the simulation are taken to be the same as that of water 
( 3/1 cmgCPf === ρρρ ) (Tolomeo and Steele, 1998). The thicknesses ( Ph and Ch ) of 
the plasma membrane and cortical lattice as well as radius ( R ) of the OHC are the 
same as the values used in Chapter 3. So are the mechanical properties ( PE and Pν ) of 
the plasma membrane. The OHC length ( L ) changes from 25 mμ to 75 mμ . 
 
4.3 Frequency Response by FDM 
Both the inviscid fluid and cylindrical shell equations are included in the model and 
solved simultaneously using the finite difference method (FDM) with the second-order 
accuracy. In the implementation, the central difference discretization scheme is used. 
At each end of the lateral wall, two fictitious nodes outside the lateral wall domain are 
used to provide a stencil of five nodes needed for the finite difference representation of 
the fourth-order derivative of the radial displacement ( ru ). For the case of the second-
order derivatives of the axial and circumferential displacements ( xu and θu ), only one 
fictitious node at each end is used. The length of the lateral wall is discretized into grid 
points spaced apart by 0.2 mμ  for the FDM, and an in-house code written using the 
MATLAB software is used to implement the formulation. 
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4.3.1 Equation Formulation 
As stated in Chapter 3, the solutions of this fluid-structure interaction system under 
steady state can be decomposed into Fourier modes in the circumferential direction, 
due to the axisymmetric geometry of the domain of interest. In the following 
simulation, only even mode components of the solution are considered and the 
corresponding frequency responses are obtained. Similar process can be easily 
extended to odd mode components without difficulties. Using equations (3.15), (3.16) 
and (3.29), the displacements and forces ( ur and f
r
) of the lateral wall and velocity 
potentials ( iφ and eφ ) of the inviscid fluids corresponding to an even mode k can be 
written as follows: 
[ ] [ ] tirkkxkrx ekUkUkUuuuu ϖθθ θθθ −== cos~sinˆcos~r                   (4.1) 
[ ] [ ] tirkkxkrx ekFkFkFffff ϖθθ θθθ −== cos~sinˆcos~r                     (4.2) 
tii
k
i ek ωθφ −Φ= cos~                                                                                      (4.3) 
tie
k
e ek ωθφ −Φ= cos~                                                                                     (4.4) 
where superscripts i and e denote interior and exterior domains of the lateral wall, 
respectively. Due to the inviscid behavior of the fluid, the pressures and velocities of 
the fluids are coupled with the lateral wall only along the normal direction at the 
interface. Thus the force f
r
 applied on the lateral wall is represented by the velocity 
potentials iφ and eφ . 
( )[ ] tiekikfieiF ekinttf ϖθωρφφρ −Φ−Φ=⎟⎟⎠⎞⎜⎜⎝⎛ ∂∂−∂∂−= cos~~00r
r
                   (4.5) 
The radial velocities irv and
e
rv  of the fluids at the interface are related to the radial 
displacement ru of the lateral wall through the velocity potential. 












∂= r                                (4.6) 










Φ∂ rr                                          (4.7) 
 
After discretization of the shell and fluid equations using FDM, the 
variables [ ]rkkxk UUU ~ˆ~ θ , ikΦ~  and ekΦ~ at all nodes are assembled in the 
arrays{ }kU~  ,{ }ikΦ~  and{ }ekΦ~ , respectively. The resulting algebraic system of equations 
for the lateral wall is 
[ ]{ } [ ]{ } { }sekiksks FBUA =Φ−Φ+ ~~~                                      (4.8) 
where matrix [ ]sA is obtained from the differential operators ijL′  using FDM;  matrix 
[ ]sB  is formed by matching the pressure on fluid nodes with the force on shell nodes 
at the interface; and the array { }sF  accounts for the boundary conditions defined at 
the two ends of the lateral wall. The resulting algebraic system of equations for the 
intracellular fluid is 
[ ]{ } [ ]{ } 0~~ =−Φ kiiki UGH                                                 (4.9) 
and the system of equations for the extracellular fluid is 
[ ]{ } [ ]{ } 0~~ =−Φ keeke UGH                                              (4.10) 
where matrices [ ]iH  and [ ]eH are obtained from the Laplace differential operator of 
the inviscid flow using FDM; matrices [ ]iG  and [ ]eG  are formed by matching the 
normal velocity on fluid nodes with the radial displacement on shell nodes at the 
interface. Combining equations (4.8) to (4.10), the global system of equations is 
obtained 















































                                 (4.11) 
from which kU
~ , ikΦ~  and ekΦ~  are solved. 
 
For the extracellular fluid, only its interaction with the lateral wall is considered, since 
the lateral wall undergoes significant deformation compared to the end caps. The 
extracellular fluid is assumed to extend to infinity along the radial direction, and the 
fluids beyond the two end caps are assumed to have negligible effects. The radiating 
boundary condition at infinity along the radial direction is implemented with the 
scheme given by Bayliss et al. (1982). A finite but large artificial surface at a radial 
distance 1R  ( RR >>1 ) from the axis is used to make a good approximation for the 













∂ φφφ                                             (4.12) 
 
In the present formulation, each even vibration mode is analyzed separately, and the 
associated frequency response is obtained. This formulation represents the three-
dimensional OHC model with a two-dimensional computational domain, as the partial 
derivatives in the circumferential direction are reduced to simple forms due to the 
prescribed circumferential mode. 
 
4.3.2 Results 
Under the harmonic loading with the frequency of 2000 Hz, in Figure 4.2 is shown the 
deformed shape of the OHC with the length of 60 mμ  for different vibration modes in 
Chapter 4:                                                                                              Outer Hair Cell with Inviscid Flow 
 56
the circumferential direction, θkcos , where k=0, 1, 2 and 3. For k =0, this corresponds 
to the axisymmetric mode or “breathing mode”, with significant axial stretching and 
medial radial constriction of the cylindrical shell. For k=1, the cylindrical shell 
undergoes a “bending motion” like a cylindrical beam, with relatively small axial 
motion while significant radial and circumferential motions. For k =2, the cylindrical 
shell behaves like it is being “pinched” from the sides. The deformation of higher 
modes for k>2 becomes more complicated. These modes correspond to the observed 
deformation shapes of the in vitro OHC, including the axial elongation and the bending 




Figure 4.2 OHC deformation shapes at frequency 2000Hz for different vibration 
modes (k=0, 1, 2 and 3). 
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The corresponding displacement responses of the lateral wall are given in Figure 4.3. 
With the same amplitude of the external force, the cylinder appears to undergo more 
significant deformation for the first two modes (k=0 and 1) compared to other higher 
modes (k>1). Therefore, the first two vibration modes, namely the axisymmetric and 




Figure 4.3 OHC displacement responses at frequency 2000Hz for different 
vibration modes (for modes k=0 and 1, the displacements correspond to the free-
end point of the lateral wall; for modes k=2 and 3, the displacements corresponds 
to the middle point of the lateral wall in the axial direction). 
 
 
The frequency responses and resonant frequencies of the OHC with the length of 
60 mμ are obtained for two cases: (i) with only the intracellular fluid, and (ii) with both 
the intracellular and extracellular fluids. The frequency responses of the OHC (with 
only intracellular fluid) at the free end for the first two modes (k=0, 1) are shown in 
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Figure 4.4. The effect of the inclusion of the extracellular fluid in the model on the 
frequency response is illustrated in Figure 4.5. The peaks in the amplitude plots 
correspond to the resonant frequencies of this fluid-structure system. It is found that 
the axisymmetric mode (k=0) shows higher natural frequencies than the beam-bending 
mode, as the cylindrical shell has a higher stiffness in stretching than bending.  
 
Figure 4.4 Frequency response of the OHC with only intracellular fluid for 
axisymmetric mode (k=0) and beam-bending mode (k=1). 
 
 
Figure 4.5 Frequency response of the OHC with both intracellular and extracelluar 
fluids for axisymmetric mode (k=0) and beam-bending mode (k=1). 
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The first few resonant frequencies for three vibration modes (k=0, 1 and 2) are 
extracted for the cases of OHC lengths of 30 mμ , 45 mμ  and 60 mμ , and are given in 
Tables 4.1 (with only intracellular fluid), and Tables 4.2 (with intracellular and 
extracellular fluids). Comparing the results in Tables 4.1 with those in Tables 4.2, it 
can be seen that short OHCs exhibit higher natural frequencies than long OHCs. Also, 
the resonant frequencies are generally lower with the inclusion of the extracellular 
fluid. This trend is expected since the extracellular fluid contributes to the fluid mass 
effect. However, the extracellular fluid affects the resonant frequencies for each mode 
to different extents. For the axisymmetric mode (k=0), the resonant frequencies 
decrease only by a slight amount of about 4.5%. For the beam-bending mode (k=1) and 
the pinched mode (k=2), the resonant frequencies decrease by a more significant 
proportion of about 28% and 29%, respectively.  
 
Table 4.1 First three resonant frequencies (in Hz) of the first three modes for the outer 
hair cell with only the intracellular fluid 
L=30μm L=45μm L=60μm  
k=0 k=1 k=2 k=0 k=1 k=2 k=0 k=1 k=2 
1st 
resonance 7680 4245 2475 5445 2490 1605 4020 1606 1290
2nd 
resonance 21435 10500 6270 15390 6345 3690 11450 4322 2506
3rd 
resonance - 17265 10785 24852 10665 6360 18670 7414 4277
 
Table 4.2 First three resonant frequencies (in Hz) of the first three modes for the outer 
hair cell with both the intracellular and extracellular fluids 
L=30μm L=45μm L=60μm  
k=0 k=1 k=2 k=0 k=1 k=2 k=0 k=1 k=2 
1st 
resonance 7335 3045 1770 5355 1800 1140 3960 1155 915 
2nd 
resonance 18855 7880 4515 14340 4710 2655 10890 3165 1785 
3rd 
resonance 27735 13230 7870 21945 8040 4605 17055 5535 3075 
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4.4 Frequency Response by Coupled BEM/FDM 
In previous section, the radiating boundary condition of the extracellular fluid is not 
strictly satisfied in the implementation of finite difference method. Boundary element 
method (BEM), however, is known to be able to automatically satisfy the infinite 
radiating boundary condition. Thus BEM is also used to model the inviscid fluid, and 
this is coupled with the shell equation which is discretized using FDM. The 
formulation of the boundary integral equation for the inviscid flow in an axisymmetric 
domain with arbitrary boundary conditions is presented. The frequency response and 
resonant frequencies of the OHC are obtained for different vibration modes, and 
compared with those obtained by the “all finite difference method” in which both the 
fluid and shell equations are discretized using FDM. In the implementation, boundary 
element method with linear element is used. The length between grid points is 0.2 mμ . 
An in-house code written using the MATLAB software is used to implement the 
formulation. 
 
4.4.1 Equation Formulation 
Using Green’s second identity, the boundary integral equation for Laplace differential 
equation describing the inviscid flow is given by Becker (1992) 
∫∫ ∂∂=∂∂+ SS QdsQprnQQdsQprnQppc )(),( 1)(41)(),( 1)(41)()( rr φπφπφ       (4.13) 
where p andQ refer to the source and field points at the boundary with the cylindrical 
coordinates ( )ppp XR ,,θ  and ( )QQQ xr ,,θ , respectively; the variable ),( Qpr  is the 
distance between the two points and nr  the unit normal pointing out of the domain; φ  
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is the velocity potential and 
nr∂
∂ is the normal derivative; S  is the boundary surface of 
interest. The function )( pc  is dependent on the position of boundary point p . The 
above formulation is valid for both the interior and exterior domain problem, but the 
outward normal and the associated normal derivative are different and need to be 







∂−= ;                                             (4.14) 
where the superscripts i and e are used to denote the interior and exterior domain, 
respectively. In the following, the interior problem corresponding to the intracellular 
fluid is discussed, while the whole derivation is still valid for the exterior problem 
corresponding to the extracellular fluid if the outward unit normal enr  of the exterior 
domain is substituted for the outward unit normal inr  of the interior domain. 
 
Since the geometry of the OHC is axisymmetric, the solutions of the velocity 
potential iφ  and normal derivative i
i
nr∂
∂φ of the intracellular fluid can be decomposed 
into Fourier even and odd components ( ikΦ~ and ikΦˆ ) in the circumferential direction, 

















                           (4.15) 
A similar expansion can also be written for the normal derivative i
i
nr∂
∂φ . Using the 
orthogonal properties of the trigonometric functions, the boundary integral equation for 
Laplace equation can be converted into two sequences of independent line integrals 
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along the generator line of the OHC. The detailed derivation is given by Rizzo and 
Shippy (1979) and the results are as follows. 










),()(~)( rr           (4.16) 










),()(ˆ)( rr           (4.17) 
whereΓ is the generator line of the axisymmetric domain. The kernels kG are integrals 




kQpGk ∫−= ),(cos41),(                                               (4.18) 
 
Equations (4.16) and (4.17) are two decoupled sequences of boundary integral 
equations along the generator line of the OHC, corresponding to the even and odd 




∂ can be evaluated 
with the complete elliptical integrals of the first and second kinds (Byrd and Friedman, 
1971) and their explicit expressions are given by Karageorghis and Fairweather (1999). 




∂  are also given in Appendix C for the first three modes 
k=0, 1 and 2. For modes 2>k , the expressions of the integrals using complete 
elliptical integrals are more complicated.  
 
After discretizing the OHC generator line using BEM, the boundary integral equations 
corresponding to the even mode solutions of the intracellular and extracellular fluids 
become an algebraic system of equations. 












GH r                                          (4.19) 
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GH r                                       (4.20) 
where matrices [ ]iH , [ ]eH , [ ]iG  and [ ]eG  are obtained from the integration of the 
kernel functions with the element shape functions. Because the motion is harmonic 








Φ∂~  are related to the 
displacement kU
~ . 




Φ∂ rr                                               (4.21) 
where matrix [ ]G′ is a function of iω, obtained by matching the velocity on fluid nodes 
and the displacement on shell nodes at the interface. The algebraic system of 
equations from the shell equation is the same as equation (4.8) in the previous section, 
due to the same discretizing method used. Combining equations (4.8), (4.19) and 














































                              (4.22) 
from which kU
~ , ikΦ~  and ekΦ~  are solved. 
 
In the implementation, the non-diagonal elements in matrices [ ]iH and [ ]iG  are 
computed using ordinary Gauss quadrature. The diagonal elemtns of [ ]iG are 
computed directly using the logarithmic Gauss quadrature, due to the weak singular 
behavior of the kernel in the integrals (Becker, 1992). The values )( pci and )( pce are 
lumped into the diagonal elements of matrices [ ]iH and [ ]eH , and not evaluated 
directly by analytical or numerical means. These diagonal elements in matrices 
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[ ]iH and [ ]eH are obtained by considering the specific particular solution of the 
Laplace equation with a cylindrical domain. For the intracellular fluid, the particular 
solution of the Laplace equation of the form 
ki
k r=Φ~                                                              (4.23) 




Φ∂~  can be determined using this particular 
solution. Using the algebraic system of equations (4.19) and the particular 




Φ∂~ , the diagonal elements in matrix [ ]iH  can be determined, 
because all the other elements in [ ]iH  and [ ]iG are known. Moreover, the values 
)( pci and )( pce  are related through the following equation 
   1)()( =+ pcpc ei                                              (4.24) 
Combined with the condition ei nn rr −= , this relationship allows [ ]eH and [ ]eG to be 
evaluated once [ ]iH and [ ]iG  are found. 
[ ] [ ] [ ]ie HIH −=                                                (4.25) 
[ ] [ ]ie GG =                                                       (4.26) 
where [ ]I  is the identity matrix. 
 
The formulation above reduces the dimension of the problem by one, due to the use of 
the cylindrical coordinates and the decomposition of solutions into Fourier modes in 
the circumferential direction. The use of boundary element method further reduces the 
dimension by one. Therefore, the three dimensional OHC model is simplified as a 
problem with a one dimensional computational domain along the generator line of the 
domain. More importantly, the boundary integral equation automatically satisfies the 
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radiating boundary condition at infinity for the exterior problem, and no such 
approximation for this boundary condition as in the previous section is necessary.  
 
4.4.2 Results 
The frequency responses of the OHC with the length of 60 mμ are obtained, in which 
both the intracellular and extracellular fluids are considered. The frequency responses 
of the OHC at the free end for the first two modes (k= 0 and 1) are shown in Figure 4.6. 
The frequency responses obtained by the “all finite difference method” in previous 
section are also shown in Figure 4.6 for comparison. Comparison between the plots 
shows that the frequency responses and resonant frequencies obtained by the present 
coupled boundary element/finite difference method (coupled BEM/FDM) are very 
close to those obtained by the “all finite difference method” (all FDM). Furthermore, 
this comparison provides a basic validation for the results obtained using these two 
different numerical methods. 
 
 
Figure 4.6 Frequency response of the OHC in the case of inviscid flow for 
axisymmetric mode (k=0) and beam-bending mode (k =1). 
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The further reduction of the problem’s dimension by one using the boundary element 
method also leads to improvement in the computational efficiency of the model. The 
computational times for the “coupled BEM/FDM” and “all FDM” are given in Figure 
4.7 for various grid sizes. It can be seen that both methods scale with similar 
complexity with the grid size, but the coupled BEM/FDM is consistently faster than 
the “all FDM” by about three times. 
 
 
Figure 4.7 Comparison of the computational time for the couple boundary 
element/finite difference method and the “all finite difference method” for 
axisymmetric mode (k=0) at the frequency 2000Hz. 
 
 
4.5 OHC Resonant Frequency 
The cochlear best frequency changes from the base near the stapes to the apex near the 
helicotrema. Similarly, the length, axial stiffness and electromechanical properties of 
the OHC also change along the cochlear length. The OHCs with different lengths 
possess different resonant frequencies, which is likely to be closely correlated with 
cochlear best frequencies.  
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4.5.1 OHC Length-dependent Resonant Frequency 
With the mechanical properties of the OHC determined in Chapter 3, the OHC 
resonant frequencies are obtained for different vibration modes, using the present 
BEM/FDM numerical method. The results obtained for the first three vibration modes 
(k=0, 1 and 2) are shown in Figure 4.8. It is found that short OHCs exhibit higher 
resonant frequencies than long OHCs. Furthermore, the axisymmetric mode (k=0) 
shows higher resonant frequencies than the beam-bending and pinched modes (k=1 
and 2). Brundin and Russell (1994) obtained the OHC resonant frequencies 
experimentally and estimated the OHC resonant frequency to be an exponential 
function of cell length. 
( ) 7.335.5710 LRf −=                                                  (4.27) 
where Rf represent the OHC resonant frequency (in kHz) and L  is the OHC length 
(in mμ ).  Through comparison, it is found that the results obtained from the present 
model lie in the range of the results given by Brundin and Russell (1994) (also shown 
in Figure 4.8). 
 
Figure 4.8 Plots of OHC resonant frequency against the cell length for the first three 
vibration modes (k=0, 1 and 2). 
 
Chapter 4:                                                                                              Outer Hair Cell with Inviscid Flow 
 68
To find a simple yet accurate function to relate the OHC resonant frequency with cell 
length will facilitate the interpretation of the dynamic behavior of the OHC. 
Greenwood (1990) developed an almost-exponential function to relate the cochlear 
best frequency with the position at the cochlea. When suitable constants are chosen, 
this function can fit the cochlear observations on the ears of human, elephant, cow, 
guinea pig, rat, mouse, and chicken. Therefore, this function is utilized to try to fit the 
obtained OHC resonant frequencies with the cell length. This exponential equation is 
given as 
31
210 aaf LaR −=                                                (4.28) 
where Rf represent the OHC resonant frequency obtained from the model (in kHz); L  
is the OHC length (in mμ ); 1a , 2a  and 3a are coefficients to be determined.   
 
Figure 4.9 Fitted curves of the OHC resonant frequency against cell length for 
axisymmetic mode (k=0) and beam-bending mode (k=1). 
 
 
The iterative method described in Chapter 3 is used to fit the equation with the curves 
of the resonant frequency against the cell length. The fitted curves of the first resonant 
frequency against cell length for the first two modes (k=0 and 1) are shown in Figure 
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4.9. It can be seen that this exponential equation fits very well the curves of the OHC 
resonant frequency against the cell length. The coefficients determined are given in 
Table 4.3 
 
Table 4.3 Coefficients in the exponential equation 
 With intracellular fluid With intra- & extracellular fluids 
 1a  2a  3a  1a  2a  3a  
k=0 14.6933     -0.0102 -0.3570 13.8325    0.0096    0.2448 
k=1 14.1389     -0.0193 -0.5794 10.4067    0.0198    0.4457 
 
 
4.5.2 Correlation of OHC Resonant Frequency with Cochlear Best Frequency 
Previous work has been done to study the correlation of the OHC length with the 
cochlear position-frequency map. In the present study, the relationship between the 
OHC length and its resonant frequency is obtained. Therefore, by comparing the OHC 
resonant frequency with the cochlear best frequency, we hope to draw the correlation 
between the OHC resonant frequency and cochlear best frequency at the characteristic 
place of the basilar membrane where the OHC is located.  
 
Pujol et al. (1992) found the OHC length decreases with the cochlear best frequency at 
about 5μm/octave and 10μm/octave in the basal and apical ends, respectively. Also, the 
mean OHC length at a particular point in the cochlear position-frequency map is also 
different for the three rows of the OHCs.  Figure 4.10 shows the plots of the cochlear 
best frequency against the OHC length ranging from mμ25  to mμ75 . OHC1, OHC2 
and OHC3 represent the three rows of OHCs, whose length and corresponding 
cochlear best frequencies are reported by Pujol et al. (1992). Figure 4.10 also shows 
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the plots of the first OHC resonant frequency against the cell length for the first three 
vibration modes of the OHC (k=0, 1 and 2).  One plot corresponds to the results 
obtained from the present OHC model including only the intracellular fluid, and one 
other plot corresponds to the results obtained from the model including both the 





Figure 4.10 Comparison of the first resonant frequency of the OHC to the best 
frequency of the cochlea (Pujol et al., 1992) for axisymmetric mode (k=0), beam-
bending mode (k=1) and pinched mode (k=2).  
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Comparing with the resonant frequencies calculated for different OHC lengths, it 
appears that the first resonant frequency of the axisymmetric mode (k=0) is much 
higher than the best frequency for the long OHC near the apical end of the cochlea. 
This resonant frequency of the axisymmetric mode is close to the best frequency for 
the short OHC near the basal end of the cochlea. For the long OHC near the middle 
region and the apical end of the cochlea, the first resonant frequencies of the beam-
bending mode (k=1) and pinched mode (k=2) are closer to the best frequency at the 
position where the OHC is located.  
 
From the above observations, it is inferred that the short OHC at the basal end of the 
cochlea is likely to deform in an axisymmetric manner when they are set into motion 
due to a traveling wave that propagates down the basilar membrane. The long OHC 
near the apical end of the cochlea are likely to be set into the beam-bending or pinched 
modes of deformation. These different vibration modes that the OHC exhibits would 
most likely affect the active forces that the OHC exert on the basilar membrane, due to 
their electromotility.  
 
The above results showed that there is a correlation between the OHC resonant 
frequency and cochlear best frequency at the position where the OHC is located. The 
frequency responses of the OHC for different vibration modes would have critical 
effects on the tuning and frequency selectivity in the cochlea. Considering the 
electromotility of the OHC, detailed calculations of the active force generated by the 
OHC would give more evidence on the OHC role in enhancing the sensitivity and 
frequency selectivity at the cochlear apical and basal turns.  
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4.6 Summary 
With modeling the intracellular and extracellular fluids as an inviscid flow, the OHC 
frequency responses and resonant frequencies for different vibration modes are 
analyzed in this chapter, together with the correlation between the OHC length-
dependent resonant frequency and cochlear best frequency. At the basal turn of the 
cochlea, where short OHCs are located, the resonant frequency of the axisymmetric 
mode (k=0) is found to be close to the cochlear best frequency. For long OHCs, which 
are at the mid to apical turns of the cochlea, the resonant frequencies of the beam-
bending mode (k=1) and the pinched mode (k=2) are closer to the cochlear best 
frequency.  
 
The OHC model is first solved using an “all finite difference method”, where both the 
shell and fluid equations are discretized by finite difference method. Taking advantage 
of the axisymmetric geometry of the OHC, the solutions of the shell and the fluid are 
decomposed into Fourier modes in the circumferential direction. In the 
implementation, each even mode is analyzed separately, and the associated frequency 
response is obtained. This formulation represents the three-dimensional OHC model 
with a two-dimensional computational domain, as the partial derivatives in the 
circumferential direction are reduced to simple forms due to the prescribed 
circumferential modes. 
 
A coupled boundary element/finite difference method is also developed to solve the 
OHC model, where shell equation is discretized by finite difference method while the 
fluid equation is discretized by boundary element method. The detailed formulation of 
the boundary integral equation for inviscid flow in an axisymmetric domain with 
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arbitrary boundary conditions is presented. The boundary element method reduces the 
solution of the fluid domain to the boundary on the surface of the OHC, and the use of 
Fourier modes further reduces the equations to a series of line integrals and ordinary 
differential equations along the generator line of the axisymmetric geometry. 
Compared to a domain-based method like the “all finite difference”, this formulation 
generates the results with the same accuracy yet with better computational efficiency. 




Outer Hair Cell with Viscous Flow  
 
The fluid in the cochlea is viscous, and the damping force of the fluid should be 
significant due to the comparable size of the OHC radius with the fluid boundary layer. 
This chapter extends the work in Chapter 4 by including fluid viscosity in the model to 
study its influence on the OHC dynamics for different vibration modes. The viscous 
fluid and shell equations are discretized by boundary element method and finite 
difference method, respectively. The detailed formulation of the boundary integral 
equation is also presented for viscous flow in an axisymmetric domain with arbitrary 
boundary conditions. 
 
5.1 Literature Review 
Although in vitro OHC shows electromotility on a cycle-by-cycle basis, the frequency 
response of the in vivo OHC and its contribution to the cochlear amplifier is of great 
interests. This is related to the complex interaction of the OHC with its surrounding 
cellular structures and viscous fluid in the organ of Corti. Firstly, the viscous effects of 
the fluids on the OHC dynamics would be significant, due to the small length scale of 
the OHC and broad-band frequency range over which the cochlea operates. Theoretical 
models of the OHC have been developed to study the viscous effects of the fluids on 
the OHC lateral wall (Jen and Steele, 1987; Ratnanather, et al., 1997; Tolomeo and 
Steele, 1998; Liao, et al., 2005a). In these models, analytical solutions for the 
axisymmetric mode were represented using Fourier series. Modeling results showed 
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that the OHC under electrical excitation is able to overcome the viscous forces in the 
cochlea over the hearing range. The surrounding structures of the OHC further add the 
complexity of analyzing the OHC dynamics. These structures include the reticular 
lamina, tectorial membrane, stereocilia, Deiter’s cells and basilar membrane. The stiff 
constraints of the reticular lamina and basilar membrane were analyzed by Liao, et al. 
(2005b) using their OHC model. However, the understanding of the interaction of the 
OHC with its surrounding cellular structures is still far from satisfaction. 
 
Previous studies just focused on the axisymmetric vibration mode of the in vitro OHC, 
and the in vivo behavior of the OHC for asymmetric vibration modes still remains 
illusive. Usually, asymmetric vibration modes are assumed to be unlikely to occur in 
the in vivo OHC, due to the constraint of the relatively stiff reticular lamina 
encompassing the cuticular plate. Moreover, the motion of the reticular lamina upon 
mechanical stimulation was found to move like a rigid plate, without obvious local 
bending (Fridberger et al., 2002; Hu, et al., 1999; Richter and Quesnel, 2005). 
Nevertheless, such reticular lamina motion is usually generated by uniform motion of 
the basilar membrane (Fridberger et al., 2002; Hu, et al., 1999), or due to a direct 
compression force above the third row of the OHC which is close to one end of the 
reticular lamina in the radial direction (Richter and Quesnel, 2005). These forms of 
stimuli tend to favor a rigid plate-like motion of the reticular lamina, a possible 
phenomenological response occurring in the forward transduction in the organ of Corti.  
 
In the reverse transduction in the organ of Corti, which is the focus in present study, 
the loading on the recticular lamina, generated by the OHC, may result in a dissimilar 
reticular lamina motion. Chan and Hudspeth (2005) measured the radial motions of the 
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reticular lamina upon acoustical and electrical stimuli, and found that the electrically 
induced motion is not a rigid-body motion, and is distinctively different from that due 
to acoustical stimulation. Recently, Jia and He (2005) showed that the voltage-evoked 
OHC induces the stereocilium motion of its adjacent OHCs, showing that the in vivo 
OHC can produce the local bending of the reticular lamina. Moreover, the 
axisymmetric length change of the OHC is known to overcome the constraint of the 
reticular lamina. Therefore, the asymmetric modes of the in vivo OHC may be 
involved in the active amplification in the cochlea, and this possibility should not be 
excluded. In view of the firm attachment of the longest row of the stereocilia with the 
tectorial membrane (Lim, 1980), this problem becomes more crucial. The beam-
bending mode of the OHC can possibly induce the stereocilium deflection by the 
tilting of the rigid cuticular plate, and it may play a comparable role as the 
axisymmetric elongation mode. Therefore, the effects of the reticular lamina on 
different vibration modes of the OHC should be studied to provide a better 
understanding of the in vivo cochlear micro-mechanics in response to the OHC 
electromotility for different vibration modes. 
 
Moreover, previous studies mainly used analytical methods based on Fourier series 
expansion to solve OHC dynamic models in which the lateral wall was modeled using 
membrane theory. However, analytical methods previously used are not always 
effective or otherwise become formidable in handling OHC models in which 
complicated boundary conditions, and when the shell models for the lateral wall are 
involved. Boundary element method (BEM), known to be a useful numerical method, 
has the advantages of reducing of the dimensionality of the problem by one, and 
naturally satisfying of the boundary condition at infinity for the exterior domain. 
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Therefore, this method is a suitable choice to solve the three-dimensional solid or fluid 
problems with complicated boundary conditions. As stated in Chapter 4, when the 
geometry of the domain is axisymmetric, the analysis can be further simplified by 
decomposing the solution into Fourier modes in the circumferential direction. This 
leads to two sequences of boundary integral equations along the generator line of the 
domain in which the even and odd components of the solution are decoupled. The 
singular kernels in the line integrals need to be evaluated with the complete elliptic 
integrals of the first and second kinds. The formulation of boundary integral equations 
for axisymmetric problems has been extensively reported for potential problem (Rizzo 
and Shippy, 1979), acoustics (Seybert, et al., 1986; Soenarko, 1992; Wang, et al., 
1997), elasticity (Cruse, et al., 1977; Mayr, et al., 1980; Rizzo and Shippy, 1986), 
steady viscous flow (Graziani, 1989; Van de Vorse, 1994; Youngren and Acrivos, 
1975), and oscillating viscous flow (Loewenberg, 1994; Pozrikidis, 1989). 
 
5.2 OHC Frequency Response 
The detailed formulation of the boundary integral equation for oscillating viscous flow 
in an axisymmetric domain with arbitrary boundary conditions is presented, together 
with the coupling of the fluid equation to the structural equation. Finally, mechanical 
and electrical stimuli are applied to excite the OHC in different vibration modes, and 
corresponding frequency responses are obtained.  
 
5.2.1 Formulation of Boundary Integral Equation 
The BEM is used to solve the intracellular and extracellular viscous fluids of the OHC. 
The method reduces the dimensionality of the problem by one, where we only need to 
solve the velocities and tractions on the boundary surface of the fluid domain. In 
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addition, due to the axisymmetric geometry of the OHC, the cylindrical coordinates is 
used and the velocities and tractions are decomposed into Fourier modes in the 
circumferential direction. This allows the solutions on the boundary surface to be 
further decomposed into two sequences of line integrals along the generator of the 
domain. The derivation of the boundary integral equations for the inviscid potential 
flow has been discussed in Chapter 4. Here, the detailed formulation of the boundary 
integral equation for the oscillating viscous flow is presented. 
 
For oscillating viscous flow, the boundary integral equation can be derived using the 
reciprocal identity (Pozrikidis, 1992) 
( ) ( ) ( ) ( ) ( ) ( )dspQGQdspQTQvpvpc
S ijiS ijiiij ∫∫ =+ ,, 22 λλ τ                                 (5.1) 
where 2λ is a constant ( μ
ϖρλ Fi−=2 ); the subscripts i and j  indicate the axial (x), 
radial (r) and circumferential (θ) components of the velocity vr and traction τr  phasors; 
p and Q  are two points at boundary with the cylindrical coordinates ( )ppp XR ,,θ  and 





ijT are the Stokeslet of the oscillating viscous flow and the 
associated traction tensor (Kohr and Pop, 2004; Varnhorn, 1994). For simplicity, the 




ijT  in Cartesian coordinates are presented here; their forms 
in cylindrical coordinates are given in Appendix D. 









λ                                              (5.2) 




























λ    (5.3) 
Chapter 5:                                                                                              Outer Hair Cell with Viscous Flow 
 79
where r is the distance between the points p and Q ; x , the coordinate difference 
between points p and Q  with ( ) ( )pxQxx iii −=  in Cartesian system. The asymptotic 
properties of the four functions ( )κA , ( )κB , ( )κC  and ( )κD are discussed by Varnhorn 
(1994)  and their expressions are 








12212                              (5.4) 








1263312                         (5.5) 
( ) ( ) ( )κκκ κ BeC −+= − 1                                                                           (5.6) 
( ) ( ) ( )κκκ κ ++−= − 1253 eBD                                                                    (5.7) 
When rλ is zero, it is shown that the fundamental solutions 2λijG and 2λijT reduce to the 



















π                                                    (5.9) 
As stated in Chapter 3, the velocities iv  and tractions iτ in cylindrical coordinates are 






























                                  (5.11) 
where ikV
~ , ikτ~  are the even components, and ikVˆ , ikτˆ  are the odd components.  
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Using the orthogonal properties of the trigonometric functions, the surface integrals in 
equation (5.1) can be converted into two sequences of decoupled line integrals along 
the generator line of the OHC. The derivation is similar with that of elastic problem, as 
given by Mayr el al. (1980). Here, only the explicit expressions of the sequences of the 














































































































































                  (5.12) 
For k>0, the line integrals corresponding to the even components of velocities and 
tractions, namely xkV
~ , kVθˆ , rkV




















































































































































           (5.13) 
For k>0, the line integrals corresponding to the odd components of velocities and 
tractions, namely xkVˆ , kVθ

































































































































































ijkG  are integrals defined as follows: 
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           ∫−= ππ λλ θθdkTT ijijk cos~ 22                                              (5.15)    
∫−= ππ λλ θθdkTT ijijk sinˆ 22                                                 (5.16) 
∫−= ππ λλ θθdkTG ijijk cos~ 22                                                (5.17)         
∫−= ππ λλ θθdkGG ijijk sinˆ 22                                                 (5.18) 
 
The above kernels can be decomposed into the singular and nonsingular components 
as suggested by Seybert et al. (1986) and Kohr (2005). 
ijijij GGG +′=2λ                                                             (5.19) 
 ijijij TTT +′=2λ                                                               (5.20) 
where the singular component ijG  and ijT are the fundamental solutions of the steady 
Stokes flow, given in equations (5.8) and (5.9). The contributions of singular 








ijkG  can be evaluated 
analytically using the complete elliptic integrals of first and second kinds (Given in 
Appendix E). The contributions of nonsingular component ijG′  and ijT ′  are evaluated 
numerically using Gaussian quadrature. However, this evaluation is efficiently 
calculated only when ( )1Or =λ  (Loewenberg, 1994). This constraint is satisfied in 
the present model, where 24.1=Rλ , given the parameters in the model: OHC 
radius, mR μ5= ; dynamic viscosity, 23 N.s/m10027.1 −×=μ ; density, 3/1 cmg=ρ ; and 
maximum frequency of kHz10 .  
 
5.2.2 Coupling of Fluid and Shell Equations 
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As stated in Chapter 4, to study the frequency response of the OHC, it is sufficient to 
consider only the even vibration modes in the circumferential direction, θkcos , for 
both the shell and fluid equations. When the intracellular and extracellular fluids are 
modeled as a viscous flow, all three components of the traction and velocity of the 
shell and fluids need to be matched at the interface, rather than only the radial 
component in the case of inviscid flow model. 
 
After discretization, the three components of the displacement [ ]rkkxk UUU ~ˆ~ θ on 
shell nodes are assembled in the array { }kU~ ; the three components of the tractions 
[ ]irkikixk τττ θ ~ˆ~  and [ ]erkekexk τττ θ ~ˆ~  on fluid nodes are assembled in the arrays { }ikτ~  
and{ }ekτ~ , respectively. Superscripts i and e denote the intracellular and extracellular 
fluids. The shell equation discretized using finite difference method becomes an 
algebraic system of equations, nearly similar to the one in the case of inviscid flow 
model. 
[ ]{ } [ ]{ } { }sekiksks FBUA =+− ττ ~~~                                                (5.21) 
 
For the intracellular and extracellular fluids, after discretization, the three components 
of the velocities [ ]irkikixk VVV ~ˆ~ θ  and [ ]erkekexk VVV ~ˆ~ θ  on the fluid nodes are assembled 
in the arrays of { }ikV~ and{ }ekV~ . The boundary integral equation (5.13) corresponding to 
the even mode solution of the fluid becomes a system of algebraic equations  
[ ]{ } [ ]{ } 0~~ =− ikiiki GVH τ                                                    (5.22) 
[ ]{ } [ ]{ } 0~~ =− ekeeke GVH τ                                                  (5.23) 
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ijkG ) with the element shape functions. Because the 
solution is a harmonic function in time, the fluid velocities{ }ikV~ and{ }ekV~  at the interface 
are related to the shell displacement{ }kU~ . 
{ } { } [ ]{ }kekik UGVV ~~~ ′==                                               (5.24) 
where the matrix [ ]G′  is a function of ωi , obtained by matching the velocities on fluid 
nodes and the displacements on shell nodes at the interface. The matrices [ ]iH , [ ]eH , 
[ ]iG  and [ ]eG  still satisfy the following two conditions, as stated in Chapter 4. 
[ ] [ ] [ ]IHH ei =+                                                               (5.25) 
[ ] [ ]ei GG =                                                                        (5.26) 
where [ ]I  is the identity matrix. Adding equations (5.22) and (5.23) together, and using 
equations (5.25) and (5.25), the following equation is obtained 
[ ]{ } [ ]{ } 0~~~ =+−′ ekikik GUG ττ                                                (5.27) 























                                        (5.28) 
from which shell displacement kU
~ , and fluid traction sum ( )ekik ττ ~~ +− are solved. 
 
When the intracellular and extracellular fluids with equal viscosity are simultaneously 
considered, the flow can be expressed merely as a single-layered formulation with the 
sum of the tractions ( )ekik ττ ~~ +−  as an unknown “source density” (Pozrikidis, 1992). 
Hence, in the implementation of the boundary element method, there is no need to 
compute the matrices [ ]iH and [ ]eH . This is an advantage in the present boundary 
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element method for viscous flow, as the computation of the matrices 
[ ]iH and [ ]eH needs more rigorous numerical treatment than the matrices [ ]iG and [ ]eG , 




Figure 5.1 Validation of the results obtained from present OHC model by using the 
modeling results of Tolomeo and Steele (1998). 
 
 
5.2.3 Code Validation 
Before BEM is used to simulate the OHC response with viscous fluid, a couple of 
validations of the BEM code are performed. First, it is used to simulate an oscillatory 
viscous fluid flow in a cylindrical domain. The results obtained compare favourably 
with the analytical solutions. Next, the BEM model is used to reconstruct the model of 
Tolomeo and Steele (1998), where the lateral wall is modeled as a piezoelectric 
membrane. Here, the present shell model is changed to a piezoelectric membrane 
model, using the same elastic and electrical parameters as in Tolomeo and Steele 
(1998). Similar axisymmetric transmembrane voltage change and boundary conditions 
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are applied in the simulation. As shown in Figure 5.1, the present OHC model gives 
results that are in reasonable agreement with those given by Tolomeo and Steele 
(1998). The present result for axial displacement at low frequency (15 mVnm ), is a 
little lower (by about 17%) than their value (18 mVnm ). This difference is probably 
due to the different solving methods and computational domains used in the models. 
They have used a Fourier series solution method to obtain their results. 
 
5.2.4 Mechanical Stimulation 
The above formulation is used to study the frequency response of the OHC with the 
length of 60 mμ , and the parameters used in the model are the same as those used in 
Chapter 4. The dynamic viscosities of the intracellular and extracellular fluids in the 
simulation are taken to be the same as that of water ( 23 .10027.1 msN−×=μ ). For 
mechanical stimulation, a harmonic perturbation force with the amplitude of 
mnN μ/1.0  is applied on the circumference at the free end of the OHC to excite the 
system in various circumferential modes, θkcos , where k = 0 and 1. The length of the 
cylindrical shell is discretized into grid points spaced apart by 0.2 mμ  for both the 
FDM and BEM. An in-house code written using the MATLAB software is used to 
implement the formulation. 
 
The frequency responses for the OHC model with oscillating viscous flow, subjected 
to mechanical stimulus, are given in Figure 5.2 for the first two vibration modes k=0, 
and 1. Unlike the inviscid case, the frequency responses show no peaks when the 
viscosity of the fluid is included, indicating the significant damping effect of the fluid 
viscosity. Moreover, the plots of the frequency response show the appearance of the 
corner frequency at which the amplitude of displacement response starts to decrease. 
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The result obtained from the present model shows a value of around 1 kHz for the 
corner frequency of the axisymmetric mode, which is near to that reported by Liao et 
al. (2005a). Compared with Figure 4.6, the curves of the frequency response are 
drastically different from those obtained by the inviscid fluid model. An estimate of 
the boundary layer thickness shows that it is of the order of 10 μm to 100 μm for the 
frequency range of 100 Hz to 10 kHz. This is comparable to the OHC diameter, which 
indicates that the viscous effect has a very important influence on the OHC dynamics. 
Hence, the viscous fluid model is a more appropriate model compared to the inviscid 
model in studying the frequency response of the OHC, although the later is attractive 
in terms of its simple formulation and reduced number of unknowns. 
 
Figure 5.2 Frequency responses (amplitude and phase) of the OHC with the length 
of 60 μm under mechanical stimulation, for axisymmetric mode (k=0) and beam-
bending mode (k=1). 
 
 
5.2.5 Electrical Stimulation 
To simulate the electromotility of the OHC, a transmembrane voltage change is 
applied across the lateral wall of the OHC to excite the system in various 
circumferential modes. The frequency responses of the OHC normalized by 
transmembrane voltage are given in Figure 5.3 for the first two vibration modes k=0 
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and 1. It is found that the phase at low frequency is near the value of π− , in 
accordance with the fact that positive voltage change induces cell contraction. The 
present phase results differ, by a negative sign, from those reported by Frank et al. 
(1999) and Liao et al. (2005a), because in the simulation are used harmonic solutions 
in time of the form tie ω−  rather than the form tie ω in Liao et al. (2005a). Therefore, the 
present phase values are negative of those obtained by Frank et al. (1999) and Liao et 
al. (2005a). 
 
Figure 5.3 Frequency responses (amplitude and phase) of the OHC with the length 
of 60 μm under electrical stimulation, for axisymmetric mode (k=0) and beam-
bending mode (k=1). 
 
 
Experimental studies have been performed to measure the frequency response of the 
in vitro OHC, in response to the applied voltage change across the lateral wall. 
Therefore, for the axisymmetric mode, the electromotile frequency response obtained 
from the present OHC model is compared with the experimental results in Figure 5.4. 
For the beam-bending mode, no reported results are available for comparison. Santos-
Sacchi (1992) obtained the response in a relatively narrow frequency range (<3 kHz), 
due to limitations in their instrument. The present results at these low frequencies are 
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in good agreement with the results given by Santos-Sacchi (1992). Dallos and Evans 
(1995) and Frank et al. (1999) obtained similar frequency responses of the OHC in 
their micro-chamber experiments.  The present results are about three times larger 
than the results they reported. This difference is probably due to the set points of the 
resting potential (in their experiments) not coinciding with the point with the steepest 
slope on the OHC electromechanical transfer function curve from which the 




Figure 5.4 Comparison of the results from present OHC model with reported 
experimental and numerical results for cell length L= 60 μm. 
 
 
Figure 5.4 also shows the comparison of the present results with the reported 
modeling results. Before the comparison, all the data should be normalized with 
respect to cell length and stimulus voltage (Frank, et al., 1999). The results obtained 
by Liao et al. (2005a) are scaled by a factor of four, due to a shorter cell length and a 
lower transmembrane voltage used in their model. The present results for the OHC 
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electromotility are close to those of Tolomeo and Steele (1998) and about two times 
higher than those of Liao, et al. (2005a). In view of the viscoelastic membrane model 
used for the lateral wall and higher viscosity used for the intracellular fluid used by 
Liao, et al. (2005a), it is reasonable that their model gives a lower value of the OHC 
extension than our model. Despite some minor differences in the models and 
parameters used, the present frequency response results are in reasonable agreement 
with those modeling results.  
 
5.3 Stereocilium Deflection 
Using a simple kinematic model of the organ of Corti, the electrically evoked 
frequency responses of the isolated and constrained OHCs are presented for the first 
two modes, together with the relationship between the stereocilium deflection and 
different vibration modes.  
 
 
5.3.1 Model Description 
The electromotility of the OHC is triggered by its stereocilium deflection, which is 
induced by the shearing motion between the reticular lamina and tectorial membrane, 
and possibly by the viscous force from the fluid in the subtectorial space. This 
electromotility of the OHC induces the cell to extend or bend, causing further 
deflection of the stereocilia. Thus, the electrically evoked vibration of the OHC is 
closely interconnected with the stereocilium deflection. Furthermore, the beam-
bending mode of the OHC may also give rise to notable stereocilium deflection due to 
the tilting of the cuticular plate, besides the well-known axial elongation of the OHC 
(Reuter and Zenner, 1990). To investigate the contribution of OHC different vibration 
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modes to the stereocilium deflection, a simple kinematic model of the organ of Corti is 
developed, consisting of the reticular lamina, stereocilia and tectorial membrane. The 
electrically evoked axial elongation and bending of the OHC are simulated, and the 
effects of the stiffness of the reticular lamina on different vibration modes are 
presented. Finally, the contributions of different vibration modes of the OHC to the 
stereocilium deflection are obtained. 
 
Figure 5.5 Kinematic model of the stereocilium deflection due to the OHC 
axisymmetric mode (k=0) and beam-bending mode (k=1). Variable KRL is the stiffness 
of the reticular lamina; LTM and LSC represent the lengths of the tectorial membrane 
(TM) and stereocilia in one cross section of the cochlea, respectively; α, the angle 
between the TM and cuticular plate; ∆L0, the vertical motion of the cuticular plate; γ0, 
the stereocilium deflection due to the axisymmetric mode; ∆L1, the rotation motion of 
the cuticular plate; and γ1, the stereocilium  deflection due to the beam-bending mode. 
The solid thick line and dashed thick line represent the undeformed and deformed 
shapes, respectively. For the beam-bending mode, the TM and stereocilia does not 
undergo any significant displacements.  
 
 
Figure 5.5 shows the main features of this kinematic model. The reticular lamina, 
encompassing the cuticular plate of the OHC at the free end, is modeled as a set of 
springs with the stiffness RLK . For the axisymmetric mode, the free end of the OHC 
translates freely along the axial direction, and the springs exert a restoring force on the 
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cuticular plate. For the beam-bending mode, the free end rotates about the diameter of 
the cuticular plate, and the springs exert a restoring couple on the cuticular plate. Here, 
the focus is on the effects of the reticular lamina stiffness on the OHC dynamics. At 
the other end of the OHC, the Deiter’s cells and basilar membrane are assumed to be 
much stiffer and they impose a fixed boundary condition on the OHC. In experiments 
with OHC electromotility, the motion of the reticular lamina was found to be 
significantly larger than that of the basilar membrane, indicating a lower stiffness of 
the reticular lamina compared to the basilar membrane (Mammano and Ashmore, 
1993; Chan and Hudspeth, 2005).  
 
 
The tectorial membrane (TM) and stereocila are modeled as rigid beams and connected 
by a hinge. The TM pivots about a fixed point where it is attached with the spiral 
limbus. The stereocilia pivot about their end points at the cuticular plate of the OHC. 
All pivots are modeled to be rotationally friction-free. The stereocilium 
deflections 0γ and 1γ  are the angle changes between the stereocilia and the cuticular 
plate. For the beam-bending mode, the cuticular plate tilts, while the TM and 
stereocilia remain undisplaced due to the geometric constraints. This is different from 
the axisymmetric case where the TM and stereocilia simultaneously move with the 
vertical motion of the cuticular plate. The stiffnesses and masses of the TM and 
stereocilia are ignored in our model. Despite its simplicity this kinematic model still 
represents a first approximation for the relationship between the stereocilium 
deflection and the motion of cuticular plate (Rhode and Geisler, 1966; Dallos, 2003). 
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Table 5.1 Parameters in kinematic model 
 Cochlear basal turn Cochlear apical turn 
LTM (μm) 97 160 




As stated in Chapter 3, the length and material properties of the OHC change along 
cochlear spiral length, with long OHCs located at the apical turn and short OHCs at the 
basal turn. The influence of cell length on cell properties, however, has been neglected 
in previous dynamic models of the OHC (Tolomeo and Steele, 1998; Liao, et al., 
2005a; Liao et al., 2005b). This factor is included in the present work, and the OHC 
with the lengths of mμ30 and mμ60 are simulated. The results obtained serve as the 
lower and upper limits of short and long OHCs in the cochlea. The viscosity of the 
fluids used in the simulation is taken to be the same as that of the water 
( 23 .10027.1 msN−×=μ ). The stiffness KRL of the reticular lamina has been reported 
by Scherer and Gummer (2004) as well as Richter and Quesnel (2005). The estimated 
stiffness of the reticular lamina above the third row of the OHC is about 0.05 mN . 
Therefore, the constrained OHC (in vivo) is simulated by setting KRL= mN05.0 , while 
the isolated OHC (in vitro) is simulated by setting KRL=0 mN . The parameters TML  
and SCL  used in the kinematic model takes the values given by Wright (1984) and 
Dallos (2003), and are summarized in Table 5.1.  
 
5.3.3 Electrically Induced Frequency Response 
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The OHC frequency responses are obtained for two cases: (i) KRL=0 N/m, and (ii) 
KRL=0.05N/m, corresponding to the isolated OHC (in vitro) and the constrained OHC 
(in vivo), respectively. The frequency response curves corresponding to the isolated 
OHC (KRL=0 mN ) are shown in Figure 5.6. As discussed before, the frequency 
response curves for the axisymmetric mode show the appearance of the corner 
frequencies. Moreover, short OHCs show a higher corner frequency (3.5 kHz) than 
long OHCs (1 kHz). For the beam-bending mode, the frequency response curves show 
no obvious corner frequencies.  
 
(a) (b) 
Figure 5.6 Frequency response of the isolated OHC (KRL=0 N/m) for axisymmetric mode 
(k=0) and beam-bending mode (k=1) (a) L=30 μm, and (b) L=60 μm. 
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The frequency response curves corresponding to the constrained OHC (KRL=0.05N/m) 
are shown in Figure 5.7. Contrary to the results in Figure 5.6, the amplitude remains 
almost unattenuated up to 10 kHz . This is in accordance with the finding that stiffness-
constrained OHCs achieve higher corner frequencies than freely isolated OHCs (Liao 
et al., 2005b). Also, both Figure 5.6 and Figure 5.7 show that the amplitude of the 
OHC length change is larger for the axisymmetric mode (k=0) when compared to the 
beam-bending mode (k=1). 
 
(a) (b) 
Figure 5.7 Frequency response of the constrained OHC (KRL=0.05 N/m) for 
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To determine whether the beam-bending mode of the OHC is able to overcome the 
stiffness constraint of the reticular lamina, a prerequisite is to analyze the 
corresponding frequency response, especially at high frequencies. From Figure 5.6, the 
frequency response curves of the isolated OHC are found to be in the range of 1 to 
20 mVnm , for the axisymmetric and beam-bending modes. However, for the 
constrained OHC (Figure 5.7), the frequency response curves are in the range of 0.2 to 
1.5 mVnm . The response amplitude of the constrained OHC is typically one order of 
magnitude lower than the corresponding value of the isolated OHC. This drastic drop 
in the amplitude of the frequency response is due to the stiffness of the reticular lamina 
in the constrained model. This may be the reason that the rotational motion of the 
cuticular plate is reported only for the in vitro OHC, and not for the in vivo OHC.  
 
 




5.3.4 Stereocilium Deflection for Different Vibration Modes 
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 For the axisymmetric mode, the vertical motion of the cuticular plate results in the 
stereocilium deflection. In the in vivo cochlea, the dynamic range of stereocilium 
deflection is less than ο1  (Dallos, 1996). In such small range, the relationship between 
the stereocilium deflection 0γ  and the vertical motion of the cuticular plate 0LΔ  can be 
approximated with a linear one 
00 LΔ×= ξγ                                                         (5.29) 
whereξ is the parameter relating the stereocilium deflection to the vertical motion of 
the cuticular plate. To evaluate parameter ξ , the dimensional gradients of the 
stereocilia and the TM in the cochlea are taken into account. In the present kinemtatic 
model, the parameter ξ  is regarded as a function of the angleα between the tectorial 
membrane and reticular lamina.  
 
The plot of the calculated parameter ξ  against the angle α is shown in Figure 5.8. 
Recently, the OHC stereocilium deflection induced by the vertical motion of the 
cuticular plate at the apical turn of a sound-stimulated cochlea was reported by 
Fridberger, et al. (2006). Though it is difficult to determine whether the reported 
stereocilium deflection is totally due to the vertical motion of the cuticular plate, their 
results provide a rough estimate. The estimated value of ξ  was degree/nm101.2 3−×  at 
the apical turn, while the value of ξ  at the basal turn was not reported in their results. 
From Figure 5.8, the angle α with this value of ξ  is about o13 for the apical turn of the 
cochlea. From the hemicochlea images of gerbil cochleae obtained by Edge et al. 
(1998), the angle between the TM and reticular lamina is about o15 . If the same value 
of angleα is assumed at the basal turn, the parameter ξ  at the basal turn is found to be 
degree/nm102.13 3−× in this Figure. This value of the parameter ξ  at the basal turn for 
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the axisymmetric mode is about 6 times of that at the apical turn ( degree/nm101.2 3−× ). 
This can be attributed to the changing dimensions of the OHC, the stereocilia and the 
TM along the spiral length of the cochlea. 
 
For the beam-bending mode, the tilting of the cuticular plate results in the stereocilium 
deflection. From Figure 5.5, the relationship between the stereocilum deflection 1γ  and 




Δ×= πγ                                                           (5.30) 
where R is the radius of the OHC.   
 
In the simulation, the data of TML , reported in Dallos (2003), is obtained from the 
gerbil, as no reported data for the guinea pig cannot be found. It is likely that this value 
would be an underestimate of the actual length of the tectorial membrane of the guinea 
pig. Nevertheless, preliminary studies with various values of TML (doubled and halved 
the original value) showed that the parameter ξ changes only marginally by less 
than %1 . Therefore, the results obtained are still reliable for the axisymmetric model. 
For the beam-bending model, the value of TML has no any influence on the deflection of 
stereocilia. 
 
Now, the main focus is to determine whether the beam-bending mode is able to result 
in significant stereocilium deflection in the constrained OHC. Using equations (5.29) 
and (5.30), the amplitude of the frequency response in Figure 5.7 is converted to the 
corresponding stereocilium deflection of the constrained OHC for the axisymmetric 
and beam-bending modes (shown in Figure 5.9).  
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Figure 5.9 Stereocilium deflection resulted by axisymmetric mode (k=0) and beam-
bending mode (k=1) for the OHC with the length of  30 μm  and 60 μm. 
 
 
For short OHCs ( mL μ30= ), the stereocilium deflection caused by the axisymmetric 
mode ( mVdegree105.12 3−× ) is about five times of that caused by the beam-bending 
mode ( mVdegree107.2 3−× ). However, for long OHCs ( mL μ60= ), the stereocilium 
deflection caused by the axisymmetric mode ( mVdegree102.3 3−× ), is near to that 
caused by the beam-bending mode ( mVdegree103.4 3−× ). These findings show that, 
besides the axisymmetric mode, the beam-bending mode of the in vivo OHC is likely 
to generate comparable stereocilium deflection at the apical turn of the cochlea, where 
long OHCs are located. At the basal turn of the cochlea, where short OHCs are located, 
the beam-bending mode’s contribution to the stereocilium deflection is insignificant 
when compared to that of the axisymmetric mode. The findings in Chapter 4 showed 
that the OHC resonant frequencies for the axisymmetric and beam-bending modes are 
close to the cochlear tuning frequencies in the basal and apical regions, respectively. 
This suggests that the beam-bending mode of long OHCs may play a significant role in 
the transduction process at the apical end of the cochlea. 
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Experimental measurements have shown that the internal movements in the cochlea 
are with atomic dimensions at hearing threshold. The OHC transmembrane voltage 
change and the stereocilium deflection at threshold were estimated to be about 
0.5 mV and 3103 −× degrees, respectively (Dallos, 1985; Dallos 1996), with the 
stereocilium deflection per unit voltage estimated as degree/mV106 3−× . Compared 
with the modeling results in Figure 5.9, the results of long OHCs ( mL μ60= ) for the 
axisymmetric and beam-bending modes are close to the experimental value. The result 
of short OHCs ( mL μ30= ) for the axisymmetric mode is about two times of the 
experimental value, but the result for the beam-bending mode is lower than half of the 
experimental value. This supports the present finding that, for short OHCs, the beam-
bending mode has small contribution to the stereocilium deflection.  
 
It is well known that the cochlear amplifier is most important at the basal turn of the 
cochlea with high best frequencies (Dallos, et al., 2006). Compared to the beam-
bending mode which generates zero resultant force in the axial direction, the 
axisymmetric mode is more effective in generating an active force to amplify the 
traveling wave in the basilar membrane. Thus it is reasonable to expect the 
axisymmetric mode to dominate over the beam-bending mode at the basal turn, in 
order to amplify the cochlear response. Though the role of the cochlear amplifier and 
active OHC forces at the apical turn of the cochlea is still not very clear, the cochlear 
amplifier tends to be less important than its counterpart at the basal turn. In fact it 
would be necessary to investigate any significance of the presence of the beam-
bending and axisymmetric modes of the OHC at the apical turn where the tuning for 
lower frequencies occurs. 





A coupled boundary element/finite difference method is developed to study the 
mechanically and electrically evoked frequency responses of the OHC with the 
interaction of the viscous fluids for different vibration modes. Using the boundary 
element method and taking advantage of the axisymmetric geometry, the present 
method is able to represent a three-dimensional viscous fluid problem with a one-
dimensional computational domain. The boundary integral equation of the viscous 
fluid is represented using two decoupled sequences of line integrals along the 
generator of the axisymmetric geometry, and the kernels in the integrals are 
analytically evaluated using the complete elliptic integrals for different vibration 
modes. The results obtained show that viscosity of the fluid have significant effects on 
the OHC dynamics. With the inclusion of viscosity, the frequency response is heavily 
damped, and the resonant frequency cannot be observed. The results from the present 
model compare reasonably well with other simulating and experimental results 
reported in the literature, showing that the present OHC model can be used to simulate 
the dynamic behavior of the OHC.   
 
The contributions of the first two vibration modes to stereocilium deflection are 
studied using a simple kinematic model of the organ of Corti. The results from this 
model show that, when the reticular lamina is included in the model, the frequency 
response of the OHC decreases dramatically compared to the freely isolated OHC. 
Moreover, besides the axisymmetric mode, the beam-bending mode may contribute to 
stereocilium deflection over the hearing range. This contribution is comparable to that 
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of the axisymmetric mode for long OHCs (at the apical turn of the cochlea), but it 
becomes insignificant for short OHCs (at the basal turn). This finding is in agreement 
with the preliminary results in Chapter 4 that the cochlear frequencies are close to the 
OHC resonant frequencies for the axisymmetric mode at the basal turn and for the 
beam-bending mode at the apical turn, respectively. 
 




Outer Hair Cell Activity in the Cochlea 
 
For the cochlea to exhibit its characteristic sensitivity and frequency selectivity, the 
outer hair cell is thought to generate sufficient active force, with the appropriate phase, 
to effectively influence the impedance of the cochlear partition. In this Chapter, the 
OHC active influence on the cochlear response and its active force are presented at 
hearing threshold, using a simple model of the cochlear partition. 
 
6.1 Literature Review 
Many studies have dedicated to the active force generated by the OHC upon the 
excitation of the transmembrane voltage change. The reported values of the OHC 
active force sensitivity seemed to vary significantly, ranging from 0.02 mVnN to 
1 mVnN (Frank, et al., 1999; 2000; Hallworth, 1995; Iwasa and Adach, 1997; Liao, et 
al., 2005b; Liao, et al., 2007; Rammamoorthy, et al., 2007; Spector, et al., 1999; Wada, 
et al., 2002). In most of theses studies, the emphasis is mainly placed on the amplitude 
of the active force and little phase information is reported. To enhance hearing 
sensitivity and frequency selectivity at hearing threshold, the cochlea not only requires 
sufficient amplitude of the active force, but requires proper phase of the active force to 
feed active energy into the cochlear partition on a cycle-by-cycle basis. Therefore, the 
phase of the OHC active force should also be critical for the effective functioning of 
the cochlear amplifier, at least with equal importance as the amplitude (Dallos, 1992; 
Kolston, 2000; Kössl and Russell, 1992). To counteract the viscous force in the 
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cochlea and input active work to the cochlear partition, de Boer (1983) and Neely and 
Kim (1983) proposed that the OHC active force should be in phase with the velocity of 
the basilar membrane. This theory is now well known as “negative damping” of the 
cochlear amplifier. Alternatively, Kolston et al. (1990) suggested that the active force 
may be in phase with the BM displacement to reduce the stiffness of the cochlear 
partition. Kolston (2000) further proposed that the active force possibly reduces the 
damping and stiffness of the cochlear partition simultaneously, to produce the highly 
tuning traveling wave with the right phase in the cochlea. Nevertheless, previous ideas 
of the OHC active roles in the cochlea are based on pure phenomenological models in 
which the parameters are arbitrary selected to match the measurements from the 
cochlea and have no physical basis. Therefore, to model the OHC active force applied 
on the cochlear partition, realistic parameters based on measurements of the cochlear 
partition should be used. Moreover, besides the amplitude of the OHC active force, the 
phase should also be studied to evaluate the active roles of the OHC in the cochlea. 
 
6.2 Model of Cochlear Partition 
The in vivo OHC is seated on the basilar membrane (BM) and thought to contribute to 
the cochlear amplifier and enhance the frequency selectivity of the cochlea. To 
estimate the active force applied on the BM due to the OHC electromotility, a simple 
model of cochlear partition is used. Figure 6.1 shows the main features of this model, 
in which the BM and OHC are included. The variables BMK , BMM and BMC  represent 
the stiffness, mass and damping of the BM; BMX , the displacement of the BM. The 
Deiter’s cell, sandwiched between the BM and bottom end of the OHC, is neglected in 
the model because their stiffness are much larger that those of the BM and OHC (Liao 
et al., 2005b). As for the the specific coupling between the OHC, stereocilia, reticular 
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lamina (RL) and tectorial membrane (TM), no general agreement is found in the 
literatures (Fukazawa, 2002; Scherer and Gummer, 2004; Zwislocki, 2002). However, 
to effectively transmit the active force to the cochlear partition, the OHC should have a 
firm boundary to push against at its top end. Thus, with the focus on the OHC active 
force applied on the cochlear partition, the top end of the OHC is assumed to be fixed 
in the present model. 
 
 
Figure 6.1 Model of the cochlear partition. 
 
 
In Figure 6.1, the BM signifies the cochlear partition, while the OHC signifies the 
cochlear amplifier. When the cochlear partition is displaced by the mechanical 
pressure from the scala fluids, the transmembrane voltage change  is generated due to 
the OHC forward transduction, and the subsequent length change is induced by the 
OHC reverse transduction. This length change and the accompanied active force are 
fed back to the cochlear partition to enhance the sensitivity and frequency selectivity of 
the cochlea. Based on the active process in cochlea which couples the cochlear 
amplifier with the cochlear partition, a feedback model of the active cochlea is 
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developed, as shown in Figure 6.2. The same idea has been used previously by Neely 
(1985) and Geisler (1986; 1991) in their active cochlear models. The variable fluidF is 
the external force applied by the scala fluids, and OHCV  is the transmembrane voltage 
change generated in OHC forward transduction process. The variable PBMX is the 
displacement response of the cochlear partition in the passive cochlear model, 
and TBMX is the displacement response in the active cochlear model.  The variable
A
BMX  
is the displacement contributed by the feedback element, namely the OHC 
electromotility in OHC reverse transduction process. The ratio between TBMX and
P
BMX  
is the amplification factor of the active cochlea.  
 
Figure 6.2 Flow chart of the feedback system in the cochlea. 
 
 
In Figure 6.2, three elements are included: the cochlear partition, OHC forward 
transduction and reverse transduction. For cochlear partition, its impedance CPZ  
represents the mechanical properties in the passive cochlear model and it is given by 
( )PBMfluidCP Xi
F
Z ω−=                                                     (6.1) 
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The minus sign in Equation (6.1) comes from the expression of the solution as 
harmonic functions in time of the form tie ω−  (See Chapter 3). For OHC reverse 
transduction, its transfer function RT represents the electrically induced response change 
of the BM in the in vivo cochlea due to a unit voltage change across the OHC 





XT =                                                            (6.2) 
For OHC forward transduction, its transfer function FT represents the OHC 





VT =                                                              (6.3) 
The variables CPZ , FT and RT are all complex numbers and functions of frequency. The 
flow chart in Figure 6.2 can be revised and shown in Figure 6.3. Because there are 
three rows of the OHC in one cross section of the cochlea, a factor of three is used for 
the amplitude of CPRF ZTTiω− to account for this. 
 
 
Figure 6.3 Feedback model of active cochlea. 
 
 
From Figure 6.3, the active force CAF  contributed by the cochlear amplifier is 
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T
BMCPRFCA XZTTiF ω×−= 3                                                      (6.4) 
Thus the effective impedance contributed by the cochlear amplifier is 
CPRFCA ZTTZ 3=                                                    (6.5) 
The effective stiffness CAK  contributed by the cochlear amplifier is 
CPRFCA ZTTiK ϖ3−=                                              (6.6) 
The BM displacement TBMX obtained in the active cochlear model is 









31−−=−×−= ωω                              (6.7) 
From equation (6.7), it is found that, when the value of RFTT is zero, the 
displacement TBMX  is the BM response in the passive cochlear model. When RFTT  is 
not zero, the displacement TBMX  is the BM response in the active cochlear model. Thus, 
the value of coefficient RFTT determines whether the cochlear model is active or passive.  
 
6.3 Parameters 
The properties of the basilar membrane and OHC, being critical for the cochlear 
response, are presented for the apical and basal turns of the cochlea.  
 
6.3.1 Basilar Membrane 
The mechanical properties of the BM change along its spiral length, being stiff at the 
basal turn of the cochlea and soft at the apical turn. However, the accurate mechanical 
properties are difficult to measure in experiments. Even though its stiffness is 
measured by many groups using localized probe driving method (Emadi, et al., 2004; 
Gummer et al., 1981; Miller, 1985; Naidu and Mountain, 1998; Olson and Mountain, 
1991; 1994; von Békésy, 1960), the results obtained varies significantly, ranging from 
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0.2 mN to 10 mN . Therefore, no consensus has been reached. Moreover, this point 
stiffness may not reflect the real stiffness of the structure, because the actual stimulus 
in the in vivo cochlea is a distributed pressure along the cochlear radial direction, 
rather than a point force in experiments. Thus such measured values cannot be directly 
used in cochlear models. 
 
In modeling the cochlea, an alternative way to estimate the properties of the BM is to 
utilize the cochlear dimensions in conjunction with its best frequencies (Mammano 
and Nobili, 1993). Firstly, the mass per unit length of the BM is estimated from the 
cross section area of the organ of Corti. Using the measured position map of the 
cochlear best frequency, the stiffness per unit length is then estimated. Finally, the 
damping per unit length is estimated through the analysis of the fluid in the 
subtectorial space. Using the same scheme proposed by Mammano and Nobili, (1993), 
Brass (2000) obtained cochlear transfer functions which fit well with experimental 
measurements in both amplitude and phase. Thus in the present model of the cochlear 
partition, this scheme is adopted and the input parameters are drawn from the values of 
the BM provided by Mammano and Nobili (1993). 
 
As stated in Chapter 4, the OHCs with the lengths of 60 mμ and 30 mμ are simulated. 
These cells are located at the apical and basal turns of the cochlea, corresponding to 
the best frequencies bestf of about 1 kHz and 10 kHz, respectively (Pujol et al., 1992). 
For guinea pigs with an average cochlear length of about 19 mm, the positions at the 
BM corresponding to these best frequencies are estimated to be about 13.3mm and 
5.7mm from the stapes, respectively (Greenwood, 1990). To analyze the BM, discrete 
segments with the length of 10 mμ  (about that of the OHC diameter) are considered, 
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due to the close vicinity of the OHC in the cochlea along the longitudinal direction. 
The mechanical properties of the BM are estimated from the results by Mammano and 
Nobili (1993), and are given in Table 6.1.  
 
Table 6.1 Mechanical properties of basilar membrane 
BM position from stapes ;a b  
(mm) 
L  ( )mμ  BMK
c  
( )mN  BM
M c  
( )Kg  BM
C c  
( )msN.  
5.7 30 0.178 4.2×10-11 11×10-7 
13.3 60 0.007 5.0×10-11 8×10-7 
a Pujol et al. (1992); b Greenwood (1990); c Mammano and Nobili (1993). 
 
 
6.3.2 Outer Hair Cell 
To effectively influence the impedance of the cochlear partition, the OHC and BM 
should be matched in their stiffnesses. Otherwise, the OHC, especially the cell at the 
basal turn of the cochlea, would be too soft to generate sufficient active force. He and 
Dallos (1999) reported that the OHC showed an axial stiffness decrease of up 
to %40 with increasing depolarization, compared to its stiffness at resting potential. 
Thus the phenomenological stiffness in Chapter 3, which is measured from the in vitro 
OHC with nearly zero resting potential, should be much lower than that from the in 
vivo OHC with a resting potential of about -70 mV . In view of this voltage-dependent 
property of the OHC stiffness, the phenomenological axial stiffness OHCk  of the OHC 
with the length of 30 mμ  is considered as a free parameter which takes different values 
to investigate its effect on the cochlear response. According to the latest measurements 
by He and Dallos (2000), OHCk with the values of mmN8.5 and mmN0.10 are studied 
in the present work. The electromechanical properties of the OHC with the length of 
30 mμ  are given in Table 6.2. For the OHC with the length of 60 mμ , the values 
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Table 6.2 Mechanical properties of the OHC lateral wall 
L  ( )mμ  OHCk  ( )mmN  Cx
hE  
( )mnN μ/ C
hEθ  ( )mnN μ/ x
ν  
 
Px he  
( )mVmnN // μ  
Pheθ  
( )mVmnN //μ
30 5.8 3.728 11.145 0.536 -3.7×10-3 -3.4×10-3 
30 10.0 7.843 18.100 0.580 -6.70×10-3 -6.1×10-3 
 
 
6.4 Forward Transduction 
To evaluate the OHC activity in the cochlea, the OHC forward transduction, the term 
referring to the transmembrane voltage change in response to the BM motion and 
accompanied streocilium deflection, should be fully determined. Here the transfer 
function FT is analyzed, including its amplitude and phase.  
 
6.4.1 Amplitude 
It is well-known that the OHC response under acoustic stimuli is frequency- and level-
dependent (Kössl and Russell, 1992). Thus, only under sound stimuli with low and 
moderate levels can the OHC play its active roles in the cochlear amplifier to enhance 
the hearing sensitivity. Therefore the OHC response at hearing threshold is studied in 
the present study, due to the OHC maximal activity under this stimulation level. 
 
However, at high frequencies, the OHC transmembrane voltage change faces a 
rigorous challenge, especially for short OHCs at the basal turn of the cochlea, due to 
the well-known low-pass electrical filtering in the OHC membrane (Santos-Sacchi, 
1992). The OHC intracellular receptor potential is believed to become too small to 
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excite the OHC electromotility at high frequencies. With a stimulus frequency of 
higher than 10 kHz , the intracellular receptor potential is estimated to be as small as 
0.007 mV at hearing threshold (Dallos and Evans, 1995). As a remedy to this challenge 
at high frquencies, Dallos and Evans (1995) proposed that the extracellular receptor 
potential, being almost constant within the hearing frequency range, may be 
responsible for the OHC transmembrane voltage change at high frequencies. Based on 
this scheme, their estimate for the OHC transmembrane voltage change at threshold is 
about 0.022 mV , a value very close to the measurement from the OHC at the basal turn 
of the cochlea (Cody and Russell, 1987). Recently, Fridberger et al. (2004) measured 
the extracellular receptor potential, and their results showed that this potential can 
indeed drive the OHC electromotility at high frequencies. Thus the transmembrane 
voltage change reported by Dallos and Evans is used in the present simulation as the 
stimulus of the OHC at the basal turn of the cochlea.  
 
For the OHC at the apical turn, the reduction of the intracellular receptor potential due 
to the low-pass filtering is not severe, due to the rather low value of the corresponding 
cochlear best frequency at the apical turn. Thus this potential is responsible for the 
OHC transmembrane voltage change. Dallos (1985) measured the intracellular 
receptor potential of the long OHC at the apical turn (corresponding to the best 
frequency of 0.8 kHz ), and the reported value was about 0.3 mV .Therefore, the 
response of the long OHC at the apical turn seems to generate receptor potential eight 
times larger than the short OHC at the basal turn, in response to acoustic sitimuli of the 
same frequency as the best frequency of the cochlea where the OHC is located. 
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The studies of the BM vibration at threshold at the basal turn of the cochlea have been 
conducted by many researchers, and they are in consensus of how the OHC amplifies 
the BM response. However, reported works on BM vibration at the apical turn lack 
consensus, probably due to the difficulties in accessing this region in experiments 
(Robles and Ruggero, 2001). Nevertheless, at the apical turn, the BM vibration 
amplitude at hearing threshold with the value of about one nanometer is believed 
reasonable. From the literature, the reported BM vibration amplitude at threshold is 
about 0.07 nm (Cooper, 1998; Cooper and Rhode, 1997) at the basal turn of the cochlea, 
and 0.5 nm  at apical turn (Cooper and Rhode, 1995; 1997). Using equation (6.3), the 
amplitude of transfer function FT in OHC forward transduction at hearing threshold is 




Compared to the numerous studies on the amplitude of the OHC forward transduction 
process, the phase information seems to be relatively scarce. At the basal turn of the 
cochlea, Fridberger et al. (2004) showed in their measurements that the phase 
difference between the OHC extracellular receptor potential and BM displacement 
(positive in direction toward the scala vestibuli) is about -50 o . As the positive 
extracellular receptor potential results in hyperpolarized transmembrane voltage of the 
OHC (Dallos and Evans, 1995), the phase difference between the OHC transmembrane 
voltage change and BM displacement (positive in the direction toward the scala 
vestibuli) is 130 o . At the apical turn of the cochlea, Preyer et al. (1996) reported a -
90 o phase difference between the OHC transmembrane voltage change and 
stereocilium deflection. Due to the stiffness-dominated mechanics of the organ of Corti 
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at low stimulus frequencies, little phase lag exists between the BM displacement and 
stereocilium deflection. Thus the phase difference between the OHC transmembrane 
voltage and BM displacement should also be -90 o . Similar value has been reported by 
Zwislocki (2000) from the cochlea under a mechanical stimulus with the frequency 
similar to the cochlear best frequency of about 2 kHz.  
 
Using the obtained amplitude and phase, transfer function FT  is determined to be 
nmmVe i π722.0314.0 ×−× and nmmVei π5.0600.0 ×× , at the basal and apical turns of the 
cochlea, respectively. For clarity, the responses of the OHC and BM at threshold are 
summarized in Table 6.3, together with the determined transfer function FT . 
 
Table 6.3 Responses of the OHC and BM at threshold in forward transduction 
 OHCV ( mV ) BMX  ( nm ) FT ( nmmV ) 
Basal turn 0.022 0.07 π722.0314.0 ×−× ie  




When a unit harmonic force from the scala fluids ( nNeF tifluid
ω−×=1 ) is applied on the 
BM, the displacement response of the BM is obtained in the passive and active 
cochlear models, together with the active force generated by the OHC. 
 
6.5.1 BM Displacement Response 
Using equation (6.7), the BM displacement TBMX is obtained and shown in Figures 6.4 
and 6.5, for the long OHC (60 mμ ) and short OHC (30 mμ ), respectively. Due to the 
frequency-tuning characteristics of OHC receptor potential and BM vibration in the 
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cochlea, meaningful comparison should be made in the high-frequency region for the 
basal turn and in the low-frequency region for the apical turn. 
 
 




Figure 6.5 BM displacements at the basal turn. 
 
 
At the apical turn of the cochlea where the long OHC is located, the BM displacement 
in active cochlear model is about 10 times smaller in amplitude than that in the passive 
model in the low-frequency region, thus leading to about 20 dB decrease of the BM 
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response (See Figure 6.4). Therefore, the OHC at the apical turn seems to suppress the 
cochlear response by 20 dB in amplitude. Zinn et al. (2000) and Khanna and Hao 
(2000) independently measured the vibration of organ of Corti, and showed that the in 
vitro cochlea possesses larger response than the in vivo cochlea at the apical turn. To 
explain this finding, they suggested that the negative feedback rather than positive 
feedback should be provided to actively attenuate the BM response at the apical turn of 
the cochlea. The present modeling results are in good accordance with the finding that 
a 20 dB increase of the BM response occurs in the cochlea after death (Zinn, et al., 
2000).  
 
At the basal turn where the short OHC is seated, the BM displacement in active 
cochlear model is larger in amplitude than that in the passive model in the low-
frequency region (See Figure 6.5). Thus the OHC active force provides positive 
feedback to amplify the BM displacement. With a smaller value for the OHC 
phenomenological axial stiffness ( mmNkOHC 8.5= ), the cochlear amplifier leads to 
about 8 dB increase for the BM response. However, this value is much smaller than the 
reported 30dB to 40dB sensitivity increase in the active cochlea (Kim, 1986). With a 
bigger value for the OHC axial stiffness ( mmNkOHC 0.10= ), the cochlear amplifier 
leads to about 18 dB increase for the BM response, a value becoming close to the 
reported 30dB increase. Thus the OHC phenomenological axial stiffness is important 
for the OHC to effectively enhance the BM response, especially at the basal turn where 
a challenge of matching stiffness exists between the OHC and BM.  
 
The results obtained show that there is a difference between the active processes at the 
basal and apical turns of the cochlea. At the apical turn, the OHC tends to apply 
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suppressive force on the cochlear partition, which is different from the case at the basal 
turn where the OHC provides active force to amplify the response of the cochlear 
partition.  
 
6.5.2 Parametric Study on OHC Forward Transduction 
In the simulation, the transfer function FT in the OHC forward transduction process is 
indirectly deduced or estimated from reported experimental measurements. Due to the 
frequency- and level-dependent characteristics of the OHC forward transduction, the 
estimated value of FT might be too simplified. This could possibly account for the low 
amplification of the BM response at the basal turn of the cochlea. Here, we perform a 
parametric study on the coefficient FT , to analyze the influence of its amplitude and 
phase on the BM response in the active cochlear model.  
 
Firstly, the phase of coefficient FT takes a fixed value similar to that reported in 
experiments, and its amplitude is changed from 0 nmmV to 1 nmmV , to investigate 
the influence of the amplitude on the BM response at the basal turn of the cochlea. The 
results obtained are shown in Figure 6.6. For the OHC with low stiffness 
( mmNkOHC 8.5= ), the highest amplification factor of about 15 dB is obtained with a 
value of 0.44 nmmV  for the amplitude of FT . For the OHC with high stiffness 
( mmNkOHC 0.10= ), the highest amplification factor of about 32 dB is obtained with a 
value of 0.280 nmmV  for the amplitude of FT . Through comparison, the amplitude of 
FT  used in the simulation (0.314 nmmV ) is close to the optimal values which can 
result in the highest amplification factor. Moreover, the OHC with high stiffness tends 
to generate larger amplification factor than that with low stiffness, indicating more 
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Figure 6.6 Influence of amplitude of coefficient FT on basilar membrane response at 
the basal turn of the cochlea (a) mmNkOHC /8.5= , and (b) mmNkOHC /0.10= . 
 
 
When the amplitude of FT is fixed and its phase is changed from 
o180− to o180 , the 
influence of the phase of FT  on the BM response is obtained, as shown in Figure 6.7. 
For the OHC with low stiffness ( mmNkOHC 8.5= ), the highest amplification factor of 
about 40 dB is obtained with a value of o100 for the phase of FT . For the OHC with 
high stiffness ( mmNkOHC 0.10= ), the highest amplification factor of about 35 dB is 
obtained with a value of o135 for the phase of FT . Comparison also shows that the 
phase of FT  used in the simulation (
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Figure 6.7 Influence of phase angle of coefficient FT on basilar membrane response at 
the basal turn of the cochlea (a) mmNkOHC /8.5= , and (b) mmNkOHC /0.10= . 
 
 
Through the parametric study in OHC forward transduction, it is found that the 
amplification factor in the active cochlear model is sensitive to both the amplitude and 
phase angle of coefficient FT . As for the relatively low amplification obtained in the 
present model at the basal turn of the cochlea, this can be accounted for by the high 
sensitivity of the amplification factor to coefficient FT . With small change of the 
amplitude or phase of coefficient FT , the present model can generate the well-known 
30 to 40 dB amplification at the basal turn in the active cochlea. Thus, the value of 
coefficient FT is critical for the amplification factor in the active cochlear model. Even 
small perturbation for the amplitude and phase of FT may result in large change for the 
amplification factor.  
 
 
6.5.3 OHC Active Force 
Using equation (6.4), the active force generated by the OHC is obtained and shown in 
Figure 6.8. Compared to the input external force with the amplitude of 1 nN , the 
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maximum active force generated by the OHC can be as large as 14 nN , indicating a 
fourteen times amplifying capability of the cochlear amplifier.  
 
  
Figure 6.8 OHC active force. 
 
 
Now, the main focus is to combine the OHC reverse transduction with the OHC 
forward transduction, to obtain the effective stiffness CAK contributed by the cochlear 
amplifier. This effective stiffness is critical because it reflects the OHC ability to 
actively enhance the BM traveling wave through the modification the impedance of the 
cochlear partition (either resistant or reactive components, or both). The results are 
shown in Figure 6.9. The amplitude and phase of the effective stiffness, contributed by 
cochlear amplifier, are found to be relatively constant throughout the frequency range 
of interest, indicating minor dependence of the effective stiffness CAK on the frequency. 
The amplitude is in the region of 0.1 mN / for both short and long OHCs. For the short 
OHC, the phase is about 0.8 radius, while for the long OHC, the phase is about -1.65 
radius. Since the amplitude and phase of the cochlear amplifier stiffness remain 
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relative constant in the frequency range, these values obtained are useful for the 









Using a simple feedback model of the cochlear partition, the basilar membrane 
responses are obtained at the basal and apical turns of the cochlea. Through the 
comparison of the responses in the passive and active cochlear models, the OHC at the 
basal turn is shown to contribute its active force to enhance the basilar membrane 
response by a amplification factor up to 18dB, providing a positive feedback in the 
cochlea; the OHC at the apical turn tends to contribute its active force to suppress the 
basilar membrane response by about 20dB, providing a negative feedback in the 
cochlea. Therefore, there is a difference between the active processes at the basal and 
apical turns of the cochlea. At the apical turn, the OHC tends to apply damping force 
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on the cochlear partition, which is different from the case at the basal turn where the 
OHC provides active force to augment the response of the cochlear partition. Also, the 
amplification factor in the active cochlear model is found to be sensitive to the 
amplitude and phase angle of coefficient FT  in OHC forward transduction process. 
Minor perturbation of coefficient FT could result in large change of the amplification 
factor in the active cochlear model. 





In this thesis, the dynamic behavior of the outer hair cell (OHC) is studied through 
mathematical modeling. Many models have been developed in the past to analyze the 
axisymmetric mode of the cell deformation. The present work extends previous works 
by incorporating the asymmetric modes of the OHC and its interactions with the 
surrounding intra- and extracellular fluids and structures. The results obtained suggest 
that significant differences about the OHC dynamics exist between the basal and apical 
turns of the cochlea, in view of the different vibration modes undertaken by the OHC 
and its activity played in the cochlea. 
 
A physiologically based mathematical model of the OHC for various vibration modes 
is first developed, including the coupling of the OHC lateral wall and intra- and 
extracellular fluids. The lateral wall is modeled as a two-layered cylindrical composite 
shell, consisting of the piezoelectric plasma membrane and orthotropic cortical lattice. 
Two fluids models, inviscid and viscous flows, are used for the cellular fluids. Using 
an iterative procedure based on Newton’s method, the cell length-dependent properties 
of the lateral wall are then determined by fitting reported phenomenological responses 
of the OHC under static axisymmetric stimuli.  
 
With an inviscid flow model, the frequency responses for the axisymmetric and 
asymmetric modes are obtained, together with the correlation of the OHC resonant 
frequencies with the cochlear best frequencies. Two numerical methods are used: an 
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“all finite difference method” where both the shell and fluid equations are discretized 
by finite difference method, and a “coupled boundary element/finite difference 
method” where the shell equations are discretized by finite difference method while 
the fluid equations are discretized by boundary element method. Both methods provide 
results similar to each other, with the boundary element method showing better 
computational efficiency. The results obtained show that the cochlear best frequencies 
are close to the OHC resonant frequencies for the beam-bending and pinched modes at 
the apical turn of the cochlea, while the cochlear best frequencies are close to the OHC 
resonant frequencies for the axisymmetric mode at the basal turn. 
 
The inviscid flow model is extended to a viscous flow model by including the fluid 
viscosity in the model, and the corresponding frequency responses for different modes 
are obtained. The coupled boundary element/finite difference method is also extended 
to reduce the present three-dimensional viscous fluid problem into one with a one-
dimensional computational domain, taking advantage of the axisymmetric geometry of 
the domain of interest. The kernels in the integral equations are evaluated using the 
complete elliptic integrals of the first and second kinds. The modeling results compare 
well with previous simulating and experimental results. Using a simple kinematic 
model of the organ of Corti, the contributions of the first two modes to the streocilium 
deflection are analyzed. Besides the axisymmetric mode, the beam-bending mode may 
also contribute to streocilium deflection over the hearing range. This contribution is 
comparable to that of the axisymmetric mode for long OHCs which are located at the 
apical turn of the cochlea, but it becomes insignificant for short OHCs located at the 
basal turn. This finding is in consistent with the correlation of the OHC resonant 
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frequencies with the cochlear best frequencies where the fluids are modeled as an 
inviscid flow and only the mass effect of the fluids is included.  
 
Finally, a simple feedback model of the cochlear partition, including of the OHC and 
basilar membrane, is used to obtain the OHC active force and its activity in the cochlea. 
Through comparison of the responses of the cochlear partition in the passive and active 
cochlear models, the OHC at the apical turn tends to provide a negative feedback in the 
cochlea to suppress the response of the cochlear partition, which is very different from 
the case at the basal turn where the OHC provides a positive feedback to amplify the 
response of the cochlear partition. Also, the amplification factor in the active cochlear 
model is found to be sensitive to the amplitude and phase angle of coefficient FT  in the 
OHC forward transduction process. 
 
Two improvements can be made to the OHC model in the future research. Firstly, the 
detailed anatomy of the organ of Corti, especially the inclination of the OHC with the 
basilar membrane and reticular lamina and the coupling between the stereocilia and 
tectorial membrane, should be reflected in the model to achieve a good understanding 
of the cochlear micro-mechanics. These two factors may have significant effects on the 
OHC activity in the cochlea, due to the feed-forward mechanism (Lim, 2000) and 
active stereocilium motion in the cochlea (Kennedy, et al., 2005). Finally, the forward 
transduction of the OHC should be explored in detail and combined with the reverse 
transduction which is the focus of the present work, to obtain a more reliable 
relationship between the basilar membrane motion and OHC active force (including 
amplitude and phase). This becomes more necessary in view of the frequency- and 
level-dependent properties of the voltage response in the OHC forward transduction. 
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Kernels of Inviscid Flow 
 

















π ααπ dmmEE                          
VariablesC , D and m are 
22 )()( QpQp xXrRC −++=     







m −++=  




































































































































































GGG +−−=  





































∂ rrrr  
where xn and rn  are axial and radial components of the unit outward normal of the fluid 
domain nr  (either intracellular or extracellular fluids). The circumferential component of 
nr is zero due to the axisymmetric shape of the domain. 
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Kernels of Steady Viscous Flow 
 




I ∫−= cos  























































































⎛−−−= ππ  




























I +−+Η−=  



































⎛−−= ππ      





I +−+Η−=  
( )[ ] 30313233622612334 464164 IIIImmCI −+−+Η−−Η=    










































































I +−+Η−=  
( )[ ] 50515253642622554 464164 IIIIkmCI −+−+Η−−Η=  
( ) ( )[ ] 50515253546422622614555 510105112128 IIIIIkkmCI +−+−+Η−+Η−−Η−=  
The integrals of the kernels Gij and Tij are given by: 
k=0: 
( )[ ]303122321181 IRrIRrIRrIdG pQpQpQrr −++−=∫− πμθππ  
[ ]303181 IRxIrxdG pQxr −=∫− πμθππ  
[ ]32301181 IRrIRrIdG pQpQ −+=∫− πμθππ θθ  
[ ]313081 IRxIrxdG pQrx −=∫− πμθππ  
[ ]3021081 IxIdGxx +=∫− πμθππ ( ) ( )[ ]






























( )[ ] [ ]{ }xpQrpQpQpQxr nIRxIrxnIRrxIRrxIRrxdT 5025125051225243 −+−++−−=∫− πθππ






























[ ] [ ]{ }xpQrppQQrx nIRxIrxnIRxIRrxIrxdT 51250252251502 243 −++−−=∫− πθππ  
[ ] [ ]{ }xrQpxx nIxnIrxIRxdT 50350251243 ++−−=∫− πθππ  
 
k=1: 
( )[ ]313222331281cos IRrIRrIRrIdG pQpQpQrr −++−=∫− πμθθππ
[ ]3223023331121081sin IRIRIRrIRrIIdG pppQpQr +−−++−=∫− πμθθππ θ
[ ]313281cos IRxIrxdG pQxr −=∫− πμθθππ
[ ]3223023331121081sin IrIrIRrIRrIIdG QQpQpQr +−−++−=− ∫− πμθθππ θ  
[ ]33311281cos IRrIRrIdG pQpQ −+=∫− πμθθππ θθ  
[ ]303281sin IrxIrxdG QQx −=− ∫− πμθθππ θ     
[ ]3231 ˆˆ81cos IRxIrxdG pQrx −=∫− πμθθππ  
[ ]323081sin IRxIRxdG ppx −=∫− πμθθππ θ       
[ ]3121181cos IxIdGxx +=∫− πμθθππ  
( ) ( )[ ]





























































( )[ ] [ ]{ }xpQrpQpQpQxr nIRxIrxnIRrxIRrxIRrxdT 5125225152225343cos −+−++−−=∫− πθθππ




































































































































[ ] [ ]{ }xrQpxx nIxnIrxIRxdT 51351252243cos ++−−=∫− πθθππ  
 
k=2: 
( ) ( )





















[ ]33231234321311822sin IRIRIRrIRrIIdG pppQpQr +−−++−=∫− πμθθππ θ
( ) ( )[ ]30323133 22812cos IIRxIIrxdG pQxr −−−=∫− πμθθππ
[ ]33231234321311822sin IrIrIRrIRrIIdG QQpQpQr +−−++−=− ∫− πμθθππ θ
( ) ( ) ( )[ ]323430321113 222812cos IIRrIIRrIIdG pQpQ −−−+−=∫− πμθθππ θθ
[ ]3133822sin IrxIrxdG QQx −=− ∫− πμθθππ θ
( ) ( )[ ]31333032 22812cos IIRxIIrxdG pQrx −−−=∫− πμθθππ
[ ]3331822sin IRxIRxdG ppx −=∫− πμθθππ θ
( ) ( )[ ]303221012 22812cos IIxIIdGxx −+−=∫− πμθθππ
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